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1. Introduction 

Artificial neural networks have been used for pattern recognition, adaptive control, 
and prediction for the last few decades.1–3 Recent developments include the 
introduction of deep neural networks consisting of four or more layers of neurons.4 
More recently, the physics-informed neural network (PINN) came to the forefront 
for engineering applications. PINNs combine physics-based equations with a 
standard loss function to constrain the network to a subspace of solutions that are 
physically meaningful. PINNs have been used to solve nonlinear partial differential 
equations (PDEs)5 and estimate system parameters from measured system 
responses.6 

Many users have implemented PINNs using deep learning tools such as PyTorch,7 
and automatic differentiation engines such as JAX.8 Such networks have tens of 
layers, hundreds of neurons, and thousands of weights. 

In this report, the solution to some benchmark PINN problems using minimal 
networks and analytic differentiation is demonstrated. These methods lead to faster 
training and eliminate overtraining, resulting in smooth solutions. In Section 2, 
neural networks and backpropagation without integration are reviewed. Then, 
networks with integration are reviewed including how to calculate sensitivities 
when integrators are in the forward path. Then, the dynamic network is made 
recursive and an example modeling a linear oscillator is shown. 

Section 3 shows how static networks can learn a point mass projectile trajectory. 
Next the static trajectory network is used to find velocity through backpropagation 
even though the only network output is position. Section 3 concludes by showing 
how the PINN can be used for drag estimation with noisy measurements. 

Section 4 shows an example of using the PINN to solve an optimal control5 
problem. The conditions for optimality are found through the Hamilton–Jacobi–
Bellman (HJB) equation. The nonlinear HJB PDE is solved using a PINN and 
demonstrate a successful feedback control through simulation.  

2. Multilayer Neural Networks 

2.1 Static Feedforward Networks 

Multilayer neural networks consist of several layers which themselves consist of 
neurons or nodes. The nodes each have an activation function, either linear or 
nonlinear. Connections (synapses) between nodes have adjustable “weights” that 
are multiplicative gains. A single node is depicted in Figure 1. 
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Figure 1. Single hidden neuron with nonlinear activation. 

The nonlinear activation function is typically chosen from a set of easily 
differentiable functions such as log sigmoid: 

 𝑓𝑓1(𝜎𝜎) = 1
1+e−σ

 , (1) 

which has the domain, −∞ < 𝜎𝜎 < ∞ and the range 0 < 𝑓𝑓1 < 1, or hyperbolic 
tangent: 

 𝑓𝑓2(𝜎𝜎) = 2
1+e−2σ

− 1 , (2) 

which has the domain, −∞ < 𝜎𝜎 < ∞ and the range −1 < 𝑓𝑓1 < 1. These are good 
choices because their derivatives are readily found as 

 ∂
∂σ
𝑓𝑓1(𝜎𝜎) = 𝑓𝑓1(𝜎𝜎)(1 − 𝑓𝑓1(𝜎𝜎)) (3) 

and  

 ∂
∂σ
𝑓𝑓2(𝜎𝜎) = (1 − 𝑓𝑓22(𝜎𝜎)) . (4) 

A feedforward neural net consists of several layers of nodes as shown in Figure 2. 
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Figure 2. Multilayer feedforward network with nl hidden layers. 

For purposes of this study, the following additional constraints on network 
architecture are made: 

• The input layer has 𝑁𝑁𝑖𝑖 units with 𝑓𝑓2(𝜎𝜎) activation 
• There are 𝑛𝑛𝑙𝑙 hidden layers that all have equal numbers of neurons 𝑁𝑁ℎ 
• There are 𝑁𝑁𝑜𝑜 output nodes with identity activation 𝑓𝑓𝑜𝑜(𝜎𝜎0) = 𝜎𝜎𝑜𝑜 
• All wires (synapses) are adjustable connecting weights 
• All hidden nodes have bias 𝑏𝑏𝑘𝑘 
• Output nodes have no bias 
• Input nodes may or may not have bias 
• All nodes in layer 𝑙𝑙 − 1 are connected to all nodes in layer 𝑙𝑙. 

A synapse output is determined by its input from the layer on its left multiplied by 
its synaptic weight.  

 𝑠𝑠𝑘𝑘 = 𝑤𝑤𝑘𝑘𝑘𝑘𝑥𝑥𝑗𝑗  (5) 

Equation 5 relates the three quantities of input, gain, and output. The output of layer 
k is determined by 𝑥𝑥𝑘𝑘 = 𝑓𝑓(𝜎𝜎𝑘𝑘), where 𝜎𝜎𝑘𝑘 can be written as a sum over the synapse 
values fed from the previous layer. 

 𝜎𝜎𝑘𝑘 = ∑ 𝑤𝑤𝑘𝑘𝑘𝑘𝑥𝑥𝑗𝑗 + 𝑏𝑏𝑘𝑘𝑁𝑁𝑗𝑗             (6)  

Equation 6 can be written in matrix-vector form as follows: 

 𝛔𝛔𝑙𝑙 = �𝐰𝐰𝑙𝑙,𝑙𝑙−1 
𝑇𝑇 𝐛𝐛𝑙𝑙� ∙ �

𝐱𝐱𝑙𝑙−1
1 � . (7) 

Thus, for multilayer feedforward nets, Equations 2 and 7 are applied repeatedly 
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 𝐲𝐲� = 𝐱𝐱𝑜𝑜 = 𝐟𝐟𝑜𝑜(𝐰𝐰𝑜𝑜 ∙ 𝐟𝐟𝑜𝑜−1(𝐰𝐰𝑜𝑜−1
𝑇𝑇 ∙ 𝐟𝐟𝒊𝒊(⋯ ) + 𝐛𝐛𝑜𝑜−𝟏𝟏)) 

and for one hidden layer it is 

 𝐲𝐲� = 𝐱𝐱𝑜𝑜 = 𝐟𝐟𝑜𝑜�𝐰𝐰𝑜𝑜 ∙ 𝐟𝐟ℎ(𝐰𝐰ℎ
𝑇𝑇 ∙ 𝐟𝐟𝒊𝒊(𝐰𝐰ℎ

𝑇𝑇 ∙ 𝐱𝐱𝒊𝒊 + 𝐛𝐛𝒊𝒊) + 𝐛𝐛ℎ)�. (8) 

Multilayer nets are trained through supervised learning, typically using the current 
error and gradient to determine weight updates. If a sum square error loss function 
is used, 

 𝑬𝑬 = 1
2
∑ (𝑦𝑦𝑝𝑝 − 𝑦𝑦�𝑝𝑝)2𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑝𝑝=1 ,  

the residual vector is defined as: 𝐑𝐑 = 𝐲𝐲 − 𝐲𝐲� for all training pairs p, then 𝑬𝑬 =
𝐑𝐑𝑻𝑻𝐑𝐑/2. To train the weights, the gradient of the cost with respect to the weights 
(𝜕𝜕𝑬𝑬/𝜕𝜕𝐰𝐰) is sought. This is done by repeated application of the chain rule. Starting 
from the output layer, the gradient of the loss function with respect to a prediction 
𝑦𝑦�𝑝𝑝 is 

 𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑦𝑦�𝑝𝑝

= −�𝑦𝑦𝑝𝑝 − 𝑦𝑦�𝑝𝑝� = −𝛿𝛿𝑜𝑜
𝑝𝑝 (9) 

 𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

= 𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑦𝑦�𝑝𝑝

∙ 𝜕𝜕𝑦𝑦�𝑝𝑝
𝜕𝜕𝜎𝜎𝑘𝑘

∙ 𝜕𝜕𝜎𝜎𝑘𝑘
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

 (10) 

and Equation 10 is the differentiation chain from the output to a weight 𝑤𝑤𝑘𝑘𝑘𝑘 
connecting the penultimate layer to the output layer, where 

 𝜕𝜕𝜎𝜎𝑘𝑘
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

= 𝑢𝑢𝑗𝑗;    𝜕𝜕𝑦𝑦�𝑝𝑝
𝜕𝜕𝜎𝜎𝑘𝑘

= 𝑓𝑓′(𝜎𝜎𝑘𝑘) 

𝑓𝑓′(𝜎𝜎) = 1 for identity activation, and 𝑓𝑓1′(𝜎𝜎), and 𝑓𝑓2′(𝜎𝜎) are given by Equations 3 
and 4, respectively, for nonlinear activation. 

Thus, for an output unit (𝑓𝑓′(𝜎𝜎) = 1) 

 𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

= −�𝑦𝑦𝑝𝑝 − 𝑦𝑦�𝑝𝑝�𝑢𝑢𝑗𝑗
𝑝𝑝 . (11) 

For hidden units, the error of the downstream layer is backpropagated. In other 
words, to capture the influence of a hidden unit on all units in the next layer, the 𝛿𝛿s 
of all units in the next layer must be summed by multiplying by the connecting 
weights. If 𝛔𝛔𝑙𝑙 = �𝐰𝐰𝑙𝑙,𝑙𝑙−1 

𝑇𝑇 𝐛𝐛𝑙𝑙� ∙ �
𝐱𝐱𝑙𝑙−1

1 �, then  
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 𝛿𝛿𝑗𝑗 = 𝑓𝑓′(𝜎𝜎𝑗𝑗
𝑝𝑝)�𝛿𝛿𝑘𝑘

𝑝𝑝𝑤𝑤𝑘𝑘𝑘𝑘
𝑁𝑁𝑁𝑁

 (12) 

or     𝛿𝛿𝑗𝑗 = 𝑓𝑓′�𝜎𝜎𝑗𝑗
𝑝𝑝�𝐰𝐰𝑘𝑘𝑘𝑘𝜹𝜹𝑘𝑘

𝑝𝑝 = 𝜕𝜕𝐸𝐸𝑝𝑝/𝜕𝜕𝜎𝜎𝑗𝑗 . 

To determine all weight sensitivities, Equation 12 is applied recursively backward 
through the network. The sensitivity with respect to the weight is found by  

 𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

= 𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝜎𝜎𝑘𝑘

∙ 𝜕𝜕𝜎𝜎𝑘𝑘
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

= 𝛿𝛿𝑘𝑘𝑥𝑥𝑗𝑗 . (13) 

In this work, the Levenberg–Marquardt (LM) training algorithm is used. This is a 
quasi-Newton method based on finding the normal equation 𝐑𝐑 = 𝐉𝐉 ∙ 𝛅𝛅𝛅𝛅 and solving 
for weight updates by a modified least squares 

 𝛅𝛅𝛅𝛅 = (𝐉𝐉𝑇𝑇𝐉𝐉 + 𝜇𝜇𝐈𝐈)−1𝐉𝐉𝑻𝑻𝐑𝐑 , (14) 

where J is a Jacobian matrix formed with rows corresponding to individual training 
errors and columns corresponding to individual weights, 𝐉𝐉𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑒𝑒𝒊𝒊/𝜕𝜕𝑤𝑤𝒋𝒋, 𝐑𝐑𝑖𝑖 = 𝑒𝑒𝑖𝑖 . 
For vector valued outputs, the rows are interleaved between the various outputs. 
𝜇𝜇 is a small positive constant used to ensure good conditioning of Equation 14 and 
is adjusted according to the success or failure of a trial weight update. The LM 
proceeds as follows:9 

1) Forward propagate to predict measurement 𝐘𝐘�  
2) Backpropagate to compute sensitivities using Equation 12, with 𝛿𝛿𝑜𝑜 = 1. 
3) Form Jacobian from all sensitivities as 𝐉𝐉𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑒𝑒𝒊𝒊/𝜕𝜕𝑤𝑤𝒋𝒋 and form residual as 

𝐑𝐑𝑖𝑖 = 𝑒𝑒𝒊𝒊 with rows corresponding to those of J. 
4) Make a trial correction 𝐖𝐖𝑖𝑖+1 = 𝐖𝐖𝑖𝑖 − (𝐉𝐉𝑇𝑇𝐉𝐉 + 𝜇𝜇𝐈𝐈)−1𝐉𝐉𝑇𝑇𝐑𝐑. 
5) Find the updated residual by repeating forward propagation with new 

weights 𝐖𝐖𝑖𝑖+1. 
6) If the error ‖𝐑𝐑‖2 is reduced, set µ = µ/β and repeat from Step 1. If not, set 

µ = µβ and repeat from Step 4. 

2.2 Dynamic Feedforward Nets 

To add the capability to model dynamic phenomena (systems where the history of 
the system impacts its future behavior), an integrator is applied to the output of each 
hidden layer unit (Figure 3). 
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Figure 3. Dynamic feedforward neural network. 

Such that,  

 𝑥𝑥𝑘𝑘 = ∫ 𝑓𝑓�𝑤𝑤𝑘𝑘𝑘𝑘𝑥𝑥𝑗𝑗 + 𝑏𝑏𝑘𝑘�𝑑𝑑𝑑𝑑 . (15) 

Since the variable of integration, t, is independent of the weights, backpropagation 
may be performed exactly as before except that the result will be 

 𝛿𝛿𝑘𝑘𝑥𝑥𝑗𝑗 = 𝑑𝑑
𝑑𝑑𝑑𝑑
� 𝜕𝜕𝑒𝑒𝑝𝑝
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� (16) 

for units in the ultimate hidden layer, and  

 𝛿𝛿𝑘𝑘𝑥𝑥𝑗𝑗 = 𝑑𝑑2

𝑑𝑑𝑡𝑡2
� 𝜕𝜕𝑒𝑒𝑝𝑝
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� (17) 

for those in the penultimate layer, and so on. Thus, sensitivities of weights to the 
left of integrators will need to be integrated a requisite number of times after 
backpropagation. In continuous time networks, this integration should be 
performed simultaneously with the integrations in the forward path. In other words, 
the right-hand sides of Equations 16 and 17 are treated as co-states during the 
forward net integration.10,11 

2.3 Recursive Dynamic Neural Nets 

Dynamical systems are often modeled with recursive ordinary differential 
equations. That is, the state derivatives are dependent upon the states as well as 
time and inputs, for example, 𝐱̇𝐱 = 𝐟𝐟(𝑡𝑡, 𝐱𝐱,𝐮𝐮). For a network to reflect this type of 
dynamics, system states need to be fed back as inputs. Figure 4 shows an 
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architecture that has the potential to model many dynamical systems. In this 
formulation, the output of every integrator is fed back to the input layer. This 
resembles the control canonical form of the simulation diagram for linear systems.12 

 
Figure 4. Recursive dynamic neural network. 

To properly handle recursion, forward- and backpropagation must be performed at 
each time step to determine the inputs to system integrators, and co-states as shown 
in Equations 16 and 17. All state derivatives are combined into a single-state vector 
and integrated forward in time. More specifically, the current state of all integrators 
in the network is fed back and concatenated to the input vector.  

Forward propagation is performed, skipping the integrators and resuming at 
integrator outputs. Backpropagation is done in customary fashion, ignoring the 
integrators. Sensitivities of input layer weights will be found as a product of input 
layer deltas and all inputs, including the fed-back states (Equation 13). Since the 
input layer is left of 𝑁𝑁𝑙𝑙 hidden layers, these sensitivities will need to be integrated 
𝑙𝑙 times (Equations 16 and 1). 

A dynamic recursive network modeling the two-state system is demonstrated as 
follows, 

 𝑥̇𝑥1 = 𝑥𝑥2 − 𝑡𝑡 (18) 

 𝑥̇𝑥2 = −16𝑥𝑥1 + 16 sin(4𝜋𝜋𝜋𝜋), 

which is an undamped oscillator with harmonic forcing. Only 𝑥𝑥1 is measured in this 
example. For this problem, a dynamic recursive net with two hidden layers of seven 
units each is formed. All 14 integrators will be fed back to the input layer. This 
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architecture is chosen as the smallest two hidden layer network that will provide 
satisfactory results. Two hidden layers make intuitive sense since the system being 
modeled has two integrators. The input is assumed to be 𝑢𝑢 = sin(4𝜋𝜋𝜋𝜋). The input 
layer has bias, bringing the total number of inputs to 2 + 𝑛𝑛𝑙𝑙 ∙ 𝑛𝑛ℎ = 16. Thus, 𝐰𝐰𝐢𝐢 is 
16 × 7 and each hidden layer has an 8 × 7 matrix of connecting weights. The 
output gain matrix is 1 × 7 for a grand total of 231 adjustable weights in the 
network.  

The network was trained for 5000 epochs using LM. Each epoch consists of the 
following steps: 

• Integrate from 𝑡𝑡0 to 𝑡𝑡𝑓𝑓 
• At each time step, 

o Forward- and backpropagate to find integrator states and sensitivity 
states 

• Form the Jacobian from all sensitivities (all but 𝜕𝜕𝑒𝑒𝑖𝑖/𝜕𝜕𝑤𝑤𝑜𝑜 are determined by 
co-state integration) 

• Make a trial update 
• Use 𝜇𝜇 iteration until error is reduced, or 𝜇𝜇 exceeds ‖𝐉𝐉‖2 

Figure 5 shows the convergence of network prediction error over 5000 epochs. Sum 
squared error is reduced to 0.051 m2 and could be reduced further through 
additional epochs.  

  
Figure 5. Convergence of training the recursive dynamic neural network. 

Figure 6 shows the target system trajectory for 𝑥𝑥1 and the network prediction after 
training. The prediction accuracy could be improved through further training; 
however, this result confirms that this network architecture is appropriate for 
modeling 𝐱̇𝐱 = 𝐟𝐟(𝑡𝑡, 𝐱𝐱,𝐮𝐮). 
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Figure 6. Undamped oscillator time response and network prediction after training. 

3. Modeling Trajectories with Static Feedforward Networks 

One approach to parametric identification is to first model a system trajectory with 
a static feedforward network with time as the sole input.6 In this section, the 
example of modeling a point mass trajectory with time-dependent drag is explored. 
The true system dynamics are as follows: 

 𝑥̇𝑥 = 𝑉𝑉𝑥𝑥 

 𝑦̇𝑦 = 𝑉𝑉𝑦𝑦 

 𝑉𝑉𝑥̇𝑥 = −𝐶𝐶𝐷𝐷∗𝑉𝑉∞𝑉𝑉𝑥𝑥 (19) 

 𝑉𝑉𝑦̇𝑦 = −𝐶𝐶𝐷𝐷∗𝑉𝑉∞𝑉𝑉𝑦𝑦 − 𝑔𝑔 , 

where 𝐶𝐶𝐷𝐷∗ = 𝜌𝜌𝜌𝜌𝐶𝐶𝐷𝐷/2𝑚𝑚, 𝐶𝐶𝐷𝐷 = sin(2𝜋𝜋𝜋𝜋) + 1
2
, and 𝑉𝑉∞ = �𝑉𝑉𝑥𝑥2 + 𝑉𝑉𝑦𝑦2. Equation 19 

models a point mass flying through the atmosphere with quadratic drag. The drag 
coefficient could vary harmonically if the body were tumbling in flight such that 
the profile drag varied accordingly.  

Training data is generated by integrating Equation 19 from 𝑡𝑡 = 0 to 𝑡𝑡 = 2.5 s with 
𝑉𝑉∞(0) = 60 m/s, 𝑉𝑉𝑥𝑥(0) = 𝑉𝑉∞ cos 10∘, and 𝑉𝑉𝑦𝑦(0) = 𝑉𝑉∞ sin 10∘. M = 1.146 kg,  
A = 0.0038 m2, and 𝜌𝜌 = 1.225 kg/m3. The trajectory was then modeled by a 
feedforward network with one input, two outputs, and two hidden layers with seven 
units each. The training data is scaled such that −1 ≤ 𝑥𝑥� ≤ 1 and −1.5 ≤ 𝑦𝑦� ≤ 0.5. 
Scaling the data to approximately unity at both input and output benefits training 
for two reasons. First, the activation functions 𝑓𝑓1(𝜎𝜎) and 𝑓𝑓2(𝜎𝜎) have approximately 
80% of their variation for inputs −1 ≤ 𝜎𝜎 ≤ 1. Thus, the network is more capable 
of learning nonlinear mappings with inputs in this range. Second, the activation 
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functions have range around unity scale. If the modeled output is much larger than 
unity, the output weights must be large, resulting in large sensitivities during 
training, and internal signals “firewalling,” such that 𝑓𝑓(𝜎𝜎) → 1 or → −1 for some 
units. Velocities were scaled corresponding to their position counterparts: 𝑉𝑉�𝑥𝑥/𝑉𝑉𝑥𝑥 =
𝑥𝑥�/𝑥𝑥, 𝑉𝑉�𝑦𝑦/𝑉𝑉𝑦𝑦 = 𝑦𝑦�/𝑦𝑦. The network was trained for 1070 epochs to match the trajectory 
(𝑥𝑥(𝑡𝑡),𝑦𝑦(𝑡𝑡)). Figure 7 shows the sum squared error as the network converges to the 
training data. After 1070 epochs, the sum squared error is below 10−6. 

 
Figure 7. Convergence of training the one input trajectory prediction network. 

Figure 8 compares the network prediction with the true trajectory after training and 
rescaling.  

 
Figure 8. Comparing actual trajectory and one input network prediction. 
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3.1 Finding Vx(t), Vy(t) as Derivatives with Respect to the Input 

With a two-output system, each layer will have two 𝛿𝛿 values. Applying 
Equation 12, sensitivities of the ultimate hidden layer weights are computed as  

 𝛿𝛿𝑙𝑙1 = 𝑓𝑓′(𝜎𝜎𝑙𝑙
𝑝𝑝)�𝛿𝛿𝑜𝑜

𝑝𝑝𝑤𝑤1𝑙𝑙
𝑁𝑁𝑁𝑁

  

i.e., 𝑓𝑓′�𝜎𝜎𝑗𝑗
𝑝𝑝� ∙ 𝑤𝑤1𝑙𝑙𝑇𝑇  where 𝑤𝑤1𝑙𝑙𝑇𝑇  is the first row of the output matrix and  

 𝛿𝛿𝑙𝑙2 = 𝑓𝑓′�𝜎𝜎𝑙𝑙
𝑝𝑝��𝛿𝛿𝑜𝑜

𝑝𝑝𝑤𝑤2𝑙𝑙
𝑁𝑁𝑁𝑁

= 𝑓𝑓′�𝜎𝜎𝑙𝑙
𝑝𝑝� ∙ 𝑤𝑤2𝑙𝑙  

Each of these deltas must be backpropagated through the network. Signal 
relationships at the input layer are depicted in Fig 9. 

 
Figure 9. Signal relationships at an input unit. 

Figure 9 indicates that 𝑠𝑠𝑖𝑖1 = 𝑤𝑤𝑖𝑖1𝑡𝑡 in forward propagation and 𝜕𝜕𝑒𝑒𝑝𝑝/𝜕𝜕𝑤𝑤𝑖𝑖1 = 𝛿𝛿𝑖𝑖1𝑡𝑡. 
Since the output is always 𝑓𝑓(𝑤𝑤𝑖𝑖1𝑢𝑢) regardless of number of layers, consider the 
following relationships 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑖𝑖1

= 𝑓𝑓′( ∙ )𝑢𝑢 = 𝛿𝛿𝑖𝑖1𝑢𝑢 (20) 

and 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑓𝑓′( ∙ )𝑤𝑤𝑖𝑖1 . (21) 

Comparing Equations 20 and 21, it is deduced that 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑓𝑓′( ∙ )𝑤𝑤𝑖𝑖1 = 𝛿𝛿𝑖𝑖1𝑤𝑤𝑖𝑖1 (22) 

or when the input is time 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛿𝛿𝑖𝑖1𝑤𝑤𝑖𝑖1. Thus, the network predictions of  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑉𝑉𝑥𝑥 

and 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑉𝑉𝑦𝑦 are found without automatic differentiation. This will come in handy 
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when it is time to solve PDEs with PINNs where the PDE consists of partial 
derivatives with respect to the inputs.  

Using Equation 22 for the network trained on position data only, I predicted the 
vertical and horizontal velocities. These predictions are compared to the truth data 
in Figure 10, where the true velocity is plotted as a thick blue line and network 
prediction is shown in red. The network prediction is good for most of the trajectory 
but differs significantly at the beginning (𝑉𝑉𝑥𝑥 = 59.1 m/s) and end (𝑉𝑉𝑥𝑥 = 50.9 m/s).  

This velocity prediction was determined to be inadequate for drag estimation using 
a PINN. Thus, prior to training the PINN, training the network using both position 
(network output) and velocity (from backpropagation) as targets is explored. 

 
Figure 10. Velocity prediction from a network trained on position data only. 

3.2 Introducing Velocity Feedback 

To refine the network prediction of velocity as determined by Equation 22, the 
number of network outputs is fixed at two, but Equation 22 is employed to predict 
𝑉𝑉𝑥𝑥 and 𝑉𝑉𝑦𝑦. These predictions are interleaved with the position predictions. Velocity 
measurements are likewise interleaved with position measurements. The residual 
vector is found as the difference of measurements and predictions. 

Next, the 𝐉𝐉 matrix must be appended with rows consisting of the sensitivities of the 
velocity predictions with respect to the weights. The easy way to do this is to realize 
these rows are defined as  

 𝐽𝐽𝑉𝑉𝑥𝑥 = 𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑥𝑥� (23) 

 𝐽𝐽𝑉𝑉𝑦𝑦 = 𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑦𝑦� (24) 

50 52 54 56 58 60

V
x , (m/s)

-15

-10

-5

0

5

10

15

V
y

, (
m

/s
)



 

13 

and simply reverse the order of differentiation 

 𝐽𝐽𝑉𝑉𝑥𝑥 = 𝑑𝑑
𝑑𝑑𝑑𝑑
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� (25) 

 𝐽𝐽𝑉𝑉𝑦𝑦 = 𝑑𝑑
𝑑𝑑𝑑𝑑
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� . (26) 

Since t is the independent variable along the vertical dimension of J and 𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

, 
𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

 are elements of the existing J, finite differencing the existing columns of J to 

approximate 𝐽𝐽𝑉𝑉𝑥𝑥 and 𝐽𝐽𝑉𝑉𝑦𝑦 results in 

𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� =
Δ � ∂𝑥𝑥

∂𝑤𝑤𝑘𝑘𝑘𝑘
�

Δt
 

and 

𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑤𝑤𝑘𝑘𝑘𝑘

� =
Δ � ∂𝑦𝑦

∂𝑤𝑤𝑘𝑘𝑘𝑘
�

Δt
 

Training was repeated on the previous network with targets consisting of position 
and velocity measurements and J appended as described above. The training 
required 1600 epochs to reach a sum squared error of 1.53(10−4). Figure 11 shows 
the convergence of the network during this training.  

 
Figure 11. Trajectory matching training using position and velocity measurements. 
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The resulting trajectory predictions are compared to training data in Figure 12. 
Velocity prediction is now accurate enough to proceed with drag prediction through 
a PINN.  

The trajectory matching was repeated with velocity feedback for a 3-D point mass 
flight as well. The results are shown in the Appendix.  

 
a) Position prediction compared to truth 

 
b) Velocity estimates compared to truth with 

additive noise 

Figure 12. Position and velocity predictions compared to actual after training. 

3.3 Atmospheric Drag Estimation PINN 

A PINN is a network that is set up and trained to satisfy constitutive relationships 
from physics. This restricts solutions rendered by neural nets to ones that are 
physically meaningful. “Set up” means the network architecture provides some 
signals that are physically meaningful such as velocity feedback found in the 
previous section. Training is determined by the loss function. For instance, if a loss 
function is modified to include a term that measures how close the network solution 
is to satisfying physical laws, we have a PINN. In the simplest case, we might want 
a network prediction 𝒚𝒚� to match training data 𝒚𝒚 while also conforming to Newton’s 
second law 𝑭𝑭 = 𝒎𝒎𝒚̈𝒚. A loss function would be set up that looked like 

𝑱𝑱 = 𝜶𝜶∑ �𝒚𝒚𝒑𝒑 − 𝒚𝒚�𝒑𝒑�
𝟐𝟐

𝑵𝑵𝒑𝒑 + 𝜷𝜷∑ �𝑭𝑭𝒑𝒑 −𝒎𝒎𝒚̈𝒚𝒑𝒑�
𝟐𝟐

𝑵𝑵𝒑𝒑 , 

where 𝜶𝜶 and 𝜷𝜷 are weights determining which objective is more important.  

The first example of PINNs presented here is a trajectory predicting network that 
satisfies Newton’s second law. Simply put, Equation 19 is expanded and rearranged 
in a residual form. 
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𝑅𝑅1(𝑡𝑡) = 0 = −

𝜌𝜌𝜌𝜌𝐶𝐶𝐷𝐷(𝑡𝑡)
2𝑚𝑚

𝑉𝑉∞𝑉𝑉𝑥𝑥 − 𝑉𝑉𝑥̇𝑥 

𝑅𝑅2(𝑡𝑡) = 0 = −
𝜌𝜌𝜌𝜌𝐶𝐶𝐷𝐷(𝑡𝑡)

2𝑚𝑚
𝑉𝑉∞𝑉𝑉𝑦𝑦 − 𝑔𝑔 − 𝑉𝑉𝑦̇𝑦 

(27) 

After trajectory modeling of Section 3.2 is complete, the sum square of  
Equation 27, ∑�𝑹𝑹𝟏𝟏(𝒕𝒕) + 𝑹𝑹𝟐𝟐(𝒕𝒕)�𝟐𝟐 ∀ 𝒕𝒕 with unknown 𝑪𝑪𝑫𝑫(𝒕𝒕), is used as a loss 
function to train another static neural network. The new neural net will estimate 
𝑪𝑪𝑫𝑫(𝒕𝒕) with trajectory data (𝑽𝑽𝒙𝒙,𝑽𝑽𝒚𝒚,𝑽𝑽𝒙̇𝒙,𝑽𝑽𝒚̇𝒚) as known, t as input, and the sum of 
Equation 27 as constraints. Acceleration data is needed to evaluate Equation 27. 
However, trajectory tracking instrumentation such as radar typically provides 
position and velocity data, and acceleration must be estimated through model 
fitting. If acceleration and velocity are readily available, the PINN may be trained 
without first modeling the trajectory as shown in the previous sections. 

Since the trajectory fitting network provided only position and velocity, the 
acceleration is estimated through finite differencing. In Figure 13, finite difference 
estimates are compared with the trajectory depicted in Figure 12. A small amount 
of white noise was added to the true velocity data prior to trajectory fitting. The 
blue lines in Figure 13 show how a small amount of noise is greatly amplified 
through finite differencing. The green lines eliminate much of the noise by 
substituting the noisy velocity data into Equation 19 to find acceleration, assuming 
the drag model is known. The red lines are found by finite differencing the network 
velocity predictions shown in Figure 12b. The network smooths out the noise and 
provides acceleration estimates adequate for training the PINN. In Figure 13a, the 
oscillations in x acceleration stem from the harmonic drag coefficient as described 
at the beginning of Section 3 and shown in Figure 14b.  
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a. Horizontal acceleration compared 

 

b. Vertical acceleration compared 

Figure 13. Acceleration network predictions compared to actual after training. 

To estimate drag from velocity and acceleration data, a static feedforward network 
is built with one input, one output, and two hidden layers of seven nodes each. The 
residual vector was found as the sum of Equation 27. The Jacobian was found by 
backpropagation with one significant modification. The output unit gradient was 
found by differentiating the sum of Equation 27, yielding 

 𝜹𝜹𝟎𝟎 = −𝝏𝝏𝑪𝑪𝑫𝑫
∗

𝝏𝝏𝑪𝑪𝑫𝑫
𝑽𝑽∞𝑽𝑽𝒙𝒙 −

𝝏𝝏𝑪𝑪𝑫𝑫
∗

𝝏𝝏𝑪𝑪𝑫𝑫
𝑽𝑽∞𝑽𝑽𝒛𝒛 

where 𝝏𝝏𝑪𝑪𝑫𝑫
∗

𝝏𝝏𝑪𝑪𝑫𝑫
= 𝝆𝝆𝝆𝝆/𝟐𝟐𝒎𝒎.  

Figure 14a shows the convergence over 156 training epochs. Training reduces the 
error to 0.0056, then stagnates due to noise in the data. Figure 14b compares the 
network prediction of 𝑪𝑪𝑫𝑫(𝒕𝒕) with the truth model 𝑪𝑪𝑫𝑫(𝒕𝒕) = 𝐬𝐬𝐬𝐬𝐬𝐬(𝟐𝟐𝟐𝟐𝟐𝟐)

𝟒𝟒
+ 𝟏𝟏/𝟐𝟐. Clearly, 

the prediction is accurate enough for an analyst to infer a very precise harmonic 
matching the truth model.  
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a. Convergence during training 

 

b. Network drag prediction compared to actual 

Figure 14. Acceleration network predictions compared to actual after training. 

4. HJB Solution by PINN 

The HJB equation is one of the established indirect methods to solve optimal 
control problems. For brevity, Furfaro et al.’s introduction to HJB is summarized.5 
The solution to one of their toy examples is explored using the methods described 
previously to avoid dependence upon automatic differentiation.  

Consider the typical linear quadratic infinite horizon cost function. 

 
min
𝐮𝐮∈𝑈𝑈

𝐽𝐽(𝐱𝐱,𝐮𝐮) = � (𝐐𝐐(𝐱𝐱) + 𝐮𝐮𝐓𝐓𝐑𝐑𝐑𝐑)𝑑𝑑𝑑𝑑
∞

0
 (28) 

subject to 

𝐱̇𝐱 = 𝐟𝐟(𝐱𝐱) + 𝐠𝐠(𝐮𝐮) 

 𝐱𝐱(0) = 𝐱𝐱0 (29) 

with 𝒙𝒙 ∈ ℝ𝑛𝑛 and 𝒖𝒖 ∈ ℝ𝑚𝑚. The system dynamics 𝐟𝐟(𝐱𝐱) and 𝐠𝐠(𝐱𝐱) are assumed to be 
known. 𝐐𝐐(𝐱𝐱) is positive definite, and 𝐑𝐑(𝐱𝐱) is a symmetric positive definite matrix.  

Consider the scalar value function V defined as 

 𝑉𝑉(𝐱𝐱) = inf
𝐮𝐮∈𝑈𝑈

𝐽𝐽(𝐱𝐱,𝐮𝐮) . (30) 

The value function is the unique solution to the HJB equation 

 sup
𝐮𝐮∈𝑈𝑈

{−𝑉𝑉𝑥𝑥𝑇𝑇𝐱̇𝐱 − ℒ(𝑡𝑡, 𝐱𝐱,𝐮𝐮)} = 0 
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subject to 

 𝑉𝑉(𝟎𝟎) = 0 . (31) 

The optimal control 𝐮𝐮∗ is derived with respect to the value function V. That is, 

 𝐮𝐮∗ = argsup
𝐮𝐮∈𝑈𝑈

{−𝑉𝑉𝑥𝑥𝑇𝑇𝐱̇𝐱 − ℒ(𝑡𝑡, 𝐱𝐱,𝐮𝐮)} = −1
2
𝐑𝐑−1𝐠𝐠(𝐱𝐱)𝑉𝑉𝑥𝑥 . (32) 

Once 𝐮𝐮∗ is derived, its closed analytical form is substituted into Equation 29. Then 
Equation 29 reduces to a nonlinear PDE that is solved for V.  

 ℛ(𝐱𝐱,𝑉𝑉,𝑉𝑉𝑥𝑥) = 𝐐𝐐(𝐱𝐱) + 𝑉𝑉𝑥𝑥𝑇𝑇𝐟𝐟(𝐱𝐱) − 1
4
𝑉𝑉𝑥𝑥𝑇𝑇𝐠𝐠(𝐱𝐱)𝐑𝐑−1𝐠𝐠𝑇𝑇(𝐱𝐱)𝑉𝑉𝑥𝑥 = 0 

subject to 

 𝑉𝑉(𝟎𝟎) = 0 (33) 

From Equation 32, the optimal control is a function of the partial derivative of V 
with respect to x. I will solve Equation 33 for V using a static feedforward network 
with n inputs and one output. The network must provide the output signal V as well 
as derivatives 𝑉𝑉𝑥𝑥 with respect to the network inputs.  

Now consider the following toy problem used to demonstrate our HJB solution 
approach. The starting infinite horizon cost function and system dynamics are as 
shown in Equations 34 and 35.  

 
min
𝐮𝐮∈𝑈𝑈

𝐽𝐽 = � (𝐱𝐱𝑇𝑇𝐱𝐱 + 𝑢𝑢2)𝑑𝑑𝑑𝑑
∞

0
 (34) 

subject to 

 𝑥̇𝑥1 = −x1 + x2 

𝑥̇𝑥2 = −
1
2

x1 −
1
2

x2 +
1
2
𝑥𝑥12𝑥𝑥2 + 𝑥𝑥1𝑢𝑢 

(35) 

with 𝑥𝑥1 ∈ [−1, 1], 𝑥𝑥2 ∈ [−1, 1], and 𝒖𝒖 ∈ ℝ. From Equation 32, the optimal control 
is 𝑢𝑢∗ = −𝑥𝑥1𝑉𝑉𝑥𝑥2/2. Substituting the appropriate terms from Equations 34 and 35 
into Equation 33, the HJB to solve via PINN is 

 𝑥𝑥12 + 𝑥𝑥22 + (−𝑥𝑥1 + 𝑥𝑥2)𝑉𝑉𝑥𝑥1 + �− 1
2
𝑥𝑥1 −

1
2
𝑥𝑥2 + 1

2
𝑥𝑥12𝑥𝑥2� 𝑉𝑉𝑥𝑥2 −

1
4
𝑥𝑥12𝑉𝑉𝑥𝑥2

2 = 0 (36) 

subject to 
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𝑉𝑉(𝟎𝟎) = 0 

The exact solution of Equation 36 is 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝐱𝐱) = 𝑥𝑥12

2
+ 𝑥𝑥22.  

Figure 15 shows the network as implemented for this task. There are two inputs, 
one output, and two hidden layers with seven nodes each. Dotted arrows indicate 
that backpropagation is used to determine the deltas at the input layer; however, 
remember that it is actually done layer by layer as per Equation 12. 

 
Figure 15. Network for solving the HJB equation. 

Once the input layer is reached, Equation 22 is used to find 𝑉𝑉�𝑥𝑥1 = 𝛿𝛿𝑖𝑖1𝑥𝑥1 and 𝑉𝑉�𝑥𝑥2 =
𝛿𝛿𝑖𝑖2𝑥𝑥2. These quantities will be used in evaluating the network training residual and 
gradients from Equation 36.  

Thus, training proceeds by first discretizing the problem domain 𝑥𝑥1 ∈ [−1, 1], 𝑥𝑥2 ∈
[−1, 1] into 40 evenly spaced points along each dimension for a total grid size of 
1600. A final training point is appended at [0, 0] to enforce the boundary condition  
𝑉𝑉(𝟎𝟎) = 0. The residual vector is formed by evaluating Equation 36 at the 1600 grid 
points and multiplying the result by −2/40. The boundary condition input is also 
forward-propagated and its residual is set as −𝑉𝑉�(𝟎𝟎). 

To determine the Jacobian terms, the sum and chain rules are first applied in 
differentiating Equation 36 

 𝜕𝜕𝐑𝐑
𝜕𝜕𝐰𝐰

=
𝜕𝜕𝐑𝐑
𝜕𝜕𝑉𝑉𝑥𝑥1

∙
𝜕𝜕𝑉𝑉𝑥𝑥1
𝜕𝜕𝐰𝐰

+
𝜕𝜕𝐑𝐑
𝜕𝜕𝑉𝑉𝑥𝑥2

∙
𝜕𝜕𝑉𝑉𝑥𝑥2
𝜕𝜕𝐰𝐰

 (37) 

Resulting in  
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 𝜕𝜕𝐑𝐑
𝜕𝜕𝐰𝐰

= (−𝑥𝑥1 + 𝑥𝑥2)
𝜕𝜕𝑉𝑉𝑥𝑥1
𝜕𝜕𝐰𝐰

+ �−
1
2
𝑥𝑥1 −

1
2
𝑥𝑥2 +

1
2
𝑥𝑥12𝑥𝑥2 −

1
2
𝑥𝑥12𝑉𝑉𝑥𝑥2�

𝜕𝜕𝑉𝑉𝑥𝑥2
𝜕𝜕𝐰𝐰

 

 

(38) 

Backpropagation gives us predictions of 𝑽𝑽𝒙𝒙𝟏𝟏, 𝑽𝑽𝒙𝒙𝟐𝟐, and 𝝏𝝏𝝏𝝏/𝝏𝝏𝐰𝐰. The Jacobian 
requires the terms 𝝏𝝏

𝝏𝝏𝐰𝐰
� 𝝏𝝏𝝏𝝏
𝝏𝝏𝒙𝒙𝟏𝟏
� and 𝝏𝝏

𝝏𝝏𝐰𝐰
� 𝝏𝝏𝝏𝝏
𝝏𝝏𝒙𝒙𝟐𝟐
�. Since backpropagation renders 𝝏𝝏𝝏𝝏/𝝏𝝏𝐰𝐰, 

The order of differentiation is swapped as in Equations 25 and 26. Thus, 𝐉̃𝐉 will be 
formed from 𝝏𝝏

𝝏𝝏𝒙𝒙𝟏𝟏
�𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏
�, 𝝏𝝏

𝝏𝝏𝒙𝒙𝟏𝟏
�𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏
�, and 𝝏𝝏𝝏𝝏(𝟎𝟎)

𝝏𝝏𝝏𝝏
 for the boundary condition training pair.  

This is done by the following: 

• Form 𝐉̃𝐉 from customary backpropagation terms 𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

 

• Finite difference along each dimension (𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐) to find 𝝏𝝏𝐉̃𝐉
𝝏𝝏𝒙𝒙𝟏𝟏

 and 𝝏𝝏𝐉̃𝐉
𝝏𝝏𝒙𝒙𝟐𝟐

 

Note: this step presents an extra challenge in that the training pairs are 
usually collected as  

𝐪𝐪 = �𝒙𝒙𝟏𝟏(𝟏𝟏) ⋯
𝒙𝒙𝟐𝟐(𝟏𝟏) ⋯

𝒙𝒙𝟏𝟏(𝒊𝒊) ⋯
𝒙𝒙𝟐𝟐(𝒋𝒋) ⋯� 

such that (𝒙𝒙𝟏𝟏(𝒊𝒊),𝒙𝒙𝟐𝟐(𝒋𝒋)) spans the set of all possible combinations of grid 
coordinates. Thus, finite differencing the rows of q and columns of 𝐉̃𝐉 will 
not render the desired result. This dilemma is handled adroitly in MATLAB 
by using plaid arrays as follows.*  

• Define 𝐱𝐱𝟏𝟏 and 𝐱𝐱𝟐𝟐 as the square arrays 

𝐱𝐱𝟏𝟏 = �
−𝟏𝟏 −𝟏𝟏

−𝟏𝟏 + 𝒉𝒉 −𝟏𝟏 + 𝒉𝒉
−𝟏𝟏 ⋯

−𝟏𝟏 + 𝒉𝒉 ⋯
−𝟏𝟏 + 𝟐𝟐𝒉𝒉 −𝟏𝟏 + 𝟐𝟐𝒉𝒉

⋮ ⋮
−𝟏𝟏 + 𝟐𝟐𝒉𝒉 ⋯

⋮ ⋱

� 

𝐱𝐱𝟐𝟐 = �
−𝟏𝟏 −𝟏𝟏 + 𝒉𝒉
−𝟏𝟏 −𝟏𝟏 + 𝒉𝒉

−𝟏𝟏 + 𝟐𝟐𝒉𝒉 ⋯
−𝟏𝟏 + 𝟐𝟐𝒉𝒉 ⋯

−𝟏𝟏 −𝟏𝟏 + 𝒉𝒉
⋮ ⋮

−𝟏𝟏 + 𝟐𝟐𝒉𝒉 ⋯
⋮ ⋱

� 

where h is the step size between grid points.  

 
* Recent unpublished work has shown that this approach can be applied to networks with any number of 

independent variables by using nd plaid arrays and the MATLAB finite difference function along all n 
dimensions. 
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• Now form q by stripping columns off 𝐱𝐱𝟏𝟏 and 𝐱𝐱𝟐𝟐 and concatenating into two 
rows 

𝐪𝐪 = �−𝟏𝟏 −𝟏𝟏 + 𝒉𝒉
−𝟏𝟏 −𝟏𝟏

−𝟏𝟏 + 𝟐𝟐𝒉𝒉 ⋯
−𝟏𝟏 ⋯� 

This order will be preserved through all calculations. To set up for finite 
differencing, 

• Take column i of 𝝏𝝏𝝏𝝏/𝝏𝝏𝐰𝐰 and reshape to match the shape of 𝐱𝐱𝟏𝟏 and 𝐱𝐱𝟐𝟐 
filling a column at a time to form 𝐉̂𝐉𝒊𝒊. 

• 
𝝏𝝏
𝝏𝝏𝒙𝒙𝟏𝟏

� 𝝏𝝏𝝏𝝏
𝝏𝝏𝒘𝒘𝒊𝒊
� is the finite difference between rows of 𝐉̂𝐉𝒊𝒊 divided by the finite 

difference between rows of 𝐱𝐱𝟏𝟏 
• 

𝝏𝝏
𝝏𝝏𝒙𝒙𝟐𝟐

� 𝝏𝝏𝝏𝝏
𝝏𝝏𝒘𝒘𝒊𝒊
� is the finite difference between columns of 𝐉̂𝐉𝒊𝒊 divided by the finite 

difference between columns of 𝐱𝐱𝟐𝟐 
• Now reshape 𝝏𝝏

𝝏𝝏𝒙𝒙𝟏𝟏
� 𝝏𝝏𝝏𝝏
𝝏𝝏𝒘𝒘𝒊𝒊
� and 𝝏𝝏

𝝏𝝏𝒙𝒙𝟐𝟐
� 𝝏𝝏𝝏𝝏
𝝏𝝏𝒘𝒘𝒊𝒊
� into single columns 𝐉̃𝐉𝒊𝒊 taking a column 

at a time. 
• Column i of 𝐉̃𝐉 is found by evaluating Equation 38 from inputs and 

 𝐉̃𝐉𝒊𝒊(𝒙𝒙𝟏𝟏) =
𝝏𝝏𝑽𝑽𝒙𝒙𝟏𝟏
𝝏𝝏𝒘𝒘𝒊𝒊

 and 𝐉̃𝐉𝒊𝒊(𝒙𝒙𝟐𝟐) =
𝝏𝝏𝑽𝑽𝒙𝒙𝟐𝟐
𝝏𝝏𝒘𝒘𝒊𝒊

. 

Now, having found 𝐉̃𝐉 for the HJB with constraint, training proceeds much like 
Section 3.2. After a trial weight update, both forward- and backpropagation must 
be performed to evaluate the new residual from Equation 36. 

The HJB network is trained with 1601 training pairs as described above. The sum 
squared error was reduced below 𝟏𝟏𝟏𝟏−𝟔𝟔 in 196 epochs. Convergence is shown in 
Figure 16. The network prediction of V (in blue) over the training grid is compared 
to the exact solution (in red) in Figure 17. The prediction is indistinguishable from 
exact at this axis scaling.  

To test the efficacy of our network prediction, the network is ported into a closed-
loop simulation such that 𝑽𝑽𝒙𝒙𝟐𝟐 is determined by the network from the current system 
state, and 𝒖𝒖 = −𝒙𝒙𝟏𝟏𝑽𝑽𝒙𝒙𝟐𝟐/𝟐𝟐 is used to drive the dynamics given by Equation 35. This 
closed-loop control was tested for initial conditions at the corners of the problem 
domain, that is, all combinations of 𝒙𝒙𝟏𝟏 ∈ {−𝟏𝟏,𝟏𝟏} and 𝒙𝒙𝟐𝟐 ∈ {−𝟏𝟏,𝟏𝟏}. The closed-
loop responses for these four initial conditions are shown in Figure 18 as a) a phase 
plane plot and b) time responses.  
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Figure 16. Convergence while training the HJB network using LM. 

 
Figure 17. Network predictions of V after training compared to the exact solution of the 
HJB. 
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a) Phase plane of closed-loop responses 

 
b) Initial condition response for a variety of 

initial conditions 

Figure 18. Response of the closed-loop HJB controller to initial conditions at the extremes 
of the problem domain. 

All responses display asymptotic stability, returning to the equilibrium point at 
(0,0). All responses have settling times less than 6 s with half an oscillation of 
overshoot at most. Thus, the network is able to smoothly predict 𝑽𝑽𝒙𝒙𝟐𝟐 and provide 
the optimal feedback for closed-loop control. Since the training set discretized the 
operating space, some conditions encountered during the closed-loop test were not 
part of the training data.  

5. Conclusion 

This report reviewed feedforward and recurrent neural networks. Several examples 
were presented using feedforward and dynamic recurrent neural networks to model 
physical systems. Two low-dimensional examples showed how PINNs use the 
underlying physics of a system to constrain the solution to a physically meaningful 
one. 

The use of automatic differentiation was avoided and it was shown instead how 
backpropagation can render the sensitivities needed to train PINNs. In both 
examples, sensitivities of the prediction with respect to inputs, that is, independent 
variables, were required to form the modeling residual and its Jacobian in the 
weight space. 

All solutions in this report were rendered with smaller, simpler, shallower networks 
than those in the references.5,6 Our networks also trained faster and avoided 
overtraining. In the future, we hope to solve real-world applications with higher 
dimensionality using the building blocks presented in this report.  
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Appendix. Additional Results 
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3-D Trajectory Reconstruction with Velocity Feedback 

The point mass trajectory fitting exercise was repeated with a 3-D point mass flight. 
This required adjustments to the output dimensions of the neural network, error 
vector, velocity estimate, and Jacobian matrix. Such an incremental step made us 
test the flexibility and robustness of our neural net code before applying it to actual 
data. 

Figure A-1 shows the training convergence for this case over 828 epochs. The loss 
function includes position and velocity errors. Sum squared error after 828 epochs 
is 9.97(10−8). 

 
Figure A-1. Training convergence for 3-D trajectory network with velocity predictions. 

Figure A-2 shows the actual trajectory and network prediction in 3-D space. Any 
differences are not discernible at this scaling.  

Figure A-3 shows the actual velocity and network prediction after training. The 
lines are very slightly different where the actual in blue overshadows the network 
prediction in red.  
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Figure A-2. 3-D trajectory and network prediction after training. 

 
Figure A-3. 3-D trajectory velocity and network velocity estimates after training. 
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List of Symbols, Abbreviations, and Acronyms 

3-D three-dimensional 

HJB Hamilton–Jacobi–Bellman 

LM Levenberg–Marquardt algorithm  

PDE partial differential equation 

PINN physics-informed neural network 

Notional symbols 

𝐴𝐴 bias 

𝑏𝑏 bias 

𝛿𝛿𝑗𝑗 generalized delta for unit j 

𝑬𝑬 loss function  

𝑓𝑓(. ) activation function  

𝐉𝐉 training Jacobian matrix 

𝑛𝑛𝑙𝑙 number of hidden layers 

𝑁𝑁 number of units in a layer  

𝑞𝑞 network input vector 

𝐑𝐑 training residual vector 

𝑠𝑠𝛼𝛼 sin(𝛼𝛼) 

𝑤𝑤 synaptic weight 

𝑥𝑥 output of neuron 

𝑦𝑦� network output 

𝜎𝜎 sum of input signals from synapses 

Subscript 

h hidden layer 

i input layer 

k j from unit j to unit k 

o output layer 
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p training pair p 

train training pairs 

Superscript 

T matrix transpose 
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