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1. Introduction

In an adiabatic shear band, a solid undergoes large and rapid deformation in a rel-
atively thin layer compared to surrounding material, often accompanied by sub-
stantial temperature rise due to dynamic dissipative processes such as dislocation-
mediated plasticity. Adiabatic shear is an important physical phenomenon in set-
tings that witness high strain rates, high temperatures, and large shear deformations,

including impact, fragmentation, and industrial operations such as machining.

The current work, and a recent complementary article,! focus on relatively duc-
tile, polycrystalline metallic materials with baseline constitutive behaviors of strain
hardening, strain-rate sensitivity (at least mild), and thermal softening. Localization
into shear bands is promoted by strain softening, thermal softening, and defects in
the material. It is impeded by strain-rate hardening, inertia, and heat conduction.
Regarding the latter, the process is truly adiabatic only in the theoretical limit of
null thermal conductivity; conduction provides regularization and can affect band

morphology and width.>?

The present work is directed toward metals that may undergo other structural transi-
tions in conjunction with dislocation-mediated plasticity; namely, solid—solid phase
transitions, deformation twinning, and dynamic recrystallization (DRX). Ferrous
metals (e.g., iron [Fe] and steel) provide impetus, but the analysis can be applied to
other solids sharing similar mechanisms. The pressure-temperature phase diagram
of pure Fe* includes three phases: o (body-centered cubic [BCC]) at low temper-
ature and pressure, € (hexagonal close packed [HCP]) at high pressure, and ~y (face-
centered cubic [FCC]) at high temperature. Martensitic and bainitic steels such as a
nickel-chromium (Ni-Cr) steel®” modeled later and 4340 steel® show a <+ ¢ trans-
formations at pressures on the order of 13 GPa, noting that the starting phase could
be BCC or body-centered tetragonal [BCT]) depending on composition and pro-

9-12 shear stress has been

cessing. Although traditionally omitted in models for Fe,
posited to serve as an additional driving force based on experimental'*>~'> and theo-
retical'®!” work, the latter merging density functional theory (DFT) and continuum
laminate theory. A continuum model'® was developed for shear-driven v < € trans-
formations in pure Fe, but it omitted phase mass density variations and correspond-

ing pressure effects on transitions.

If the superposed pressure is high enough, @« — € transformation should occur



in conjunction with shear at low temperatures, and if the temperature rise is high
enough in a shear band, & — ~ transformation may be possible.!*?° The high-
pressure and high-temperature phases are unstable under ambient conditions, and
transformations are typically reversible, though retained austenite is not impossi-
ble. Therefore, material recovered after experiments (e.g., via shock recovery tech-
niques®'*?) may not contain discernible fractions of these phases.!>?* However,
recovered microstructures often contain other features (e.g., tertiary phase inclu-
sions, dislocation structures, and twins) as well as mechanical behaviors that sug-
gest transformations did take place.!>!®?* For example, twinning is infrequent in
a-Fe but prevalent in e-Fe under high-pressure shear.> Rotational DRX has been
observed in Fe, steels, and other alloys undergoing shear localization.?6?® Rota-
tional DRX has been viewed as a softening mechanism important in shear band
initiation, accompanying or even preceding thermal softening.?®-?°

Shear bands do not form in all high-rate experiments on Fe and steels: boundary
conditions, processing, and defects all affect shear band susceptibility.*** Mag-
netic fields influence transformation behaviors in ferrous metals, noting a-Fe is
ferromagnetic but other phases are weakly or negligibly magnetic.*!!3*3> It has
been suggested®®?’ that softening from a magnetic transition affects localization in
bainitic and martensitic steels. Somewhat more recent work®® proposed and mod-

eled how magnetic fields might affect shear bands.

Analytical and numerical studies to understand and predict instability and localiza-
tion of shear in viscoplastic solids have been categorized in a monograph? and a
more recent review.> Loss of stability is considered a necessary, but not sufficient,
condition for localization.>*° Even if the material response is unstable, localiza-
tion can be inhibited by strain-rate sensitivity, conduction, and inertia.>* Perhaps
the simplest analytical treatment predicts instability when the shear stress-strain
curve attains a local maximum (i.e., zero slope at the onset of softening).*"**> This
treatment only considers those properties governing the homogeneous stress-strain

response, ignoring defects, conduction, and inertia.

Linear perturbation analyses*~

provide more insight, supplying conditions and
material property combinations under which perturbations from the homogeneous
solution satisfy the governing equations, including inertia and conduction in some

cases. However, such analyses do not account for the magnitude of the perturbation



relative to the response of surrounding material. In this regard, a relative linear
stability analysis*® suggests more stringent and realistic sufficiency conditions for

non-localization of shear strain.

No aforementioned perturbation methods based on linear stability can quantify the
critical applied (i.e., average) strain, beyond the point of instability, at which local-
ization into a fully formed shear band of very high strain, and most often temper-
ature, occurs.*’ Analytical®®>* or numerical?’-?3+%2 treatments accounting for the
unstable nonlinear response are required. Analytical solutions are usually restricted
to relatively simple constitutive frameworks and one-dimensional (1-D) problems
(i.e., simple shear), though two-dimensional (2-D) analyses exist.*>% Elasticity,
inertia, and thermal conduction are frequently omitted to permit tractable solu-
tions,46:47.49.50
Numerical studies enable more sophisticated constitutive theory and more com-
plex initial-boundary conditions, but challenges arise for resolving band geometry,
typically small relative to the discretization (i.e., mesh size). Phase-field methods
offer another avenue toward regularized numerical solutions to problems of shear

68-71 7273 and fracture’* 8 in

localization,*%7 deformation twinning, phase changes,
crystals. Such have been applied toward ferrous metals under magnetic fields’ or
high pressure.®® Extraction of localization susceptibility is less straightforward as

model and problem complexity increase.

The current work, and its recent predecessor,' advance the analytical approach of
Molinari and Clifton*”**>° to consider structural transitions as may occur under
large shear, high temperature, or high pressure. Transitions can induce a transforma-
tion shear, tangential to the band, and a transformation volume change from expan-
sion or contraction normal to the band. The ubiquitous 1-D simple shear problem is
augmented with pressure loading and compressibility due to a finite bulk modulus
and density changes commensurate with phase transitions. The nonlinear analysis
provides ranges of material properties for which full localization is admitted and,
at least implicitly in integral form, the applied shear strain required. Effects of an
external magnetic field on transformations pertinent to ferrous metals are incorpo-
rated. This field must be of low enough intensity that stresses of electromagnetic

origin do not appreciably affect flow behavior.

No prior analytical solutions accounting for simultaneous phase transitions and



shear bands in metals seem to exist, despite frequent mentioning of their likely
coexistence.>*%3747 Pressure-sensitive plastic flow and pressure-sensitive ductile
failure have been incorporated in a few shear band studies for metals**#>>°; such

phenomena were also considered in a bifurcation analysis for geomaterials.?!

The appendix of this report contains new analysis of a heat-treated (HT) alloy whose
tensile mechanical response under an external field was recently measured experi-
mentally and modeled,® the latter using a combination of continuum theory'! and
thermodynamics methods.?? In a recent report,®® the response of the as-rolled (AR)
version of this alloy under uniaxial strain compression pertinent to planar shock
loading was predicted, with and without external magnetic fields. Here, in the ap-
pendix, analogous calculations are reported for the HT version of this alloy. Predic-
tions of the simple shear response of the HT alloy are also undertaken to comple-

ment the treatment of shear instability and localization for iron and Ni-Cr steel.

Also highlighted in the appendix is a constraint on the rate of phase transforma-
tion when an external magnetic field promotes, rather than inhibits, the net driving
force. In such cases, the transformation rate is limited by the energy dissipated by

8586 or other structural re-

electrical and thermal conduction,® dislocation plasticity,
arrangements.®” Transition thresholds and conclusions drawn in prior work®>#* are
unchanged, but software®® might be updated in the future to enforce this constraint

required for consistency with the second law of thermodynamics.

Remaining parts of this report comprise the following: four technical sections, con-
clusions, the bibliography, an appendix, and a list of symbols. In Section 2, a general
3-D constitutive framework and balance laws are summarized; these are based on
prior theoretical modeling of viscoplasticity and phase transitions in ferrous met-
als.!% In Section 3, a boundary value problem combining simple shear with super-
posed pressure is posited; constitutive and governing equations are suitably reduced
to address this problem. In Section 4, homogeneous solutions and localization con-
ditions (i.e., inhomogeneous fields) for shear bands are derived, building on prior

analytical work of Molinari and Clifton*’49-°

in rigid-viscoplastic, nonconducting
solids to newly include effects of compressibility and structural transitions. In Sec-
tion 5, a reduced-order continuum model for « — e transformations in Fe and a
low-carbon, high-strength Ni-Cr steel is formulated that includes pressure and shear

effects, parameterized by results in numerous references.®”!>-!® The o — ~ trans-



formation is modeled in a similar context whereby thermal effects dominate over
pressure. The transformation theory is incorporated in the localization analysis, of-
fering new insight into coupling among shear strength, pressure, temperature, phase
transitions, and adiabatic shear bands in Fe and initially BCC steel. Conclusions are

established in Section 6.

Back matter consists of the bibliography, the aforementioned appendix, and the no-

tation (i.e., acronyms and symbols). The list of symbols is partial because a full list

1,11,35

of mathematical variables from past related works on the theory and numeri-

83,88

cal methods would be excessively long. Instead, notation not contained in the

partial list follows that of these prior works!:!!:3383.88

be found.

where proper definitions can

2. 3-D Constitutive Framework and Governing Equations

2.1 Material Model

Let x = (X, t) be the spatial position at time ¢ of a material particle whose lo-
cation in a fixed reference configuration is X. Denote by F, FZ, F¢, and F” the
total, thermoelastic, transformation, and plastic deformation gradients; none of the
latter three necessarily obeys compatibility conditions for the gradient of a vector
field.% With V,(-) the gradient with respect to X and .J the Jacobian determinant,
in coincident Cartesian coordinate systems on each configuration,®>%

F = Vop = FPFF”, (1)
J =detF = det F¥ det FE det F¥ = J¥ J*J" > 0. 2)

Denote by (X, t) and x (X, ¢) dimensionless scalar internal state variables associ-

ated with structural transformation and plastic deformation processes, respectively.

The former could be the volume or mass fraction of a crystallographic phase,”!'!*°

9192 or a local measure of DRX such as normalized

85,93

the twinned volume fraction,
grain boundary density.?’ The latter is often a measure of dislocation density.
Transformation deformation is a state function of &, as similarly implemented in
related works.”>** Plastic flow is isochoric; typically small volume changes from

2,95-99 86,100.

dislocations are omitted per the usual assumptions in metal plasticity

F¢ = F¢(¢), J¥ = detF¥ =1, CF = (FH)'F”, 3)



Symmetric elastic deformation is C¥. Absolute temperature is 6. Entropy, magne-
tization, and free energy per unit reference volume are 7, M, and W. The latter is

of form similar to that in prior work on continuum electromechanical theory'!->:

\IJ:\I/<FE7MO707§7X) :77Z)+‘]BM7 (4)

with 1) Helmholtz free energy, B magnetic induction, M = J~!'M,, and in MKS

units, 85101

B = jio(H + M). (5)

Vacuum permeability is jiy. Magnetic field H is equal among coexisting phases at
X,!92 whereas spatial magnetization M is a local volume average over coexisting
phases that are constrained to share the same deformation gradient F' at space-time
location (X, t).

Helmholtz free energy per unit volume is the sum of four terms. Thermoelastic
strain energy is W, thermal energy is (), microstructure energy is R, and isotropic

magnetostatic energy is P:

Y(CP,HI,0,€,x) = W(C,0) + Q(0,€) + R(x.€) + ©([H|E).  (6)

1135 elastic constants, thermal

Exercising proven, simplified versions of prior theory,
expansion, and specific heat are equal among coexisting phases. Magnetostriction
energy is omitted: strains associated with magnetostriction are on the order of 10~°

in ferrous metals of interest,' 192

small compared to the yield strain. Couplings with
temperature in R and ® (e.g., f-dependence of the shear modulus and saturation

magnetization) are secondary effects likewise omitted for simplicity.

Let 6, be a reference temperature and Af = 6 — 6,. The isothermal bulk modulus

is By with pressure derivative B(,, volumetric thermal expansion is Ay, and shear

103,104

modulus is p. Strain energy merges a logarithmic equation of state with a

polyconvex deviatoric part'9-1%7 from CF:
W = 1By(InJP)’[1 — L(B) — 2) In J¥] — AgBoAOIn J¥ + Lu(tr CF — 3), (7)

EF — (JF)23CP. ®)



E

Lattice pressure p” and lattice deviatoric Cauchy stress 6 are, with BY the spatial

deviatoric lattice strain tensor and 1 the unit tensor (e.g., (l)ij = 0;j),

p__ L % __ B E_Llip _ B

= ~Jamgr ~ g Wi B - - Ae) )
58 _ 2pp 0¥ O0C° ppr _ Bpe
o =¥ g acr®) = B (10)
BE — (JE)_2/3FE(FE>T . %tr [(JE)_2/3FE<FE)T]1 (11)

Let ¢y be specific heat per unit volume, \; a latent heat'®!%%19 with 6, a corre-
sponding transformation temperature, and 1)y a phase energy difference, all con-

stants. Thermal energy is

Q= —cv[0In(0/60) — AG] — E[(Ar/0r)(0 — Or) — tho). (12)

The term proportional to £ models phase transitions, £ and 1 — & then being vol-
ume fractions of transformed and parent phases. This term can be omitted when &
measures twins or DRX, whereby effects of 1y are embedded in R. Microstructure

energy I? is deferred to specific forms for metals of interest in Sections 3.2 and 5.1.

Regarding ®, attention is restricted here to discrete, saturated ferromagnetic states
or nonmagnetic states. For ferromagnetic phases of isotropic ferrous metals (e.g.,
a-Fe), net magnetization vanishes in the absence of an aligning field of sufficient
magnitude Hyg since domains are randomly oriented at a point X.!!!191:119 For fields
approximately exceeding Hg, magnetization is saturated at a constant magnitude
Mg that obeys |M| = My in each phase. Magnetization and magnetic field vectors
are collinear for isotropic response.’>!!% Magnetostatic energy and average magne-

tization magnitude M, = | M| are, since .J is equal among coexisting phases (-)(®),

O = —jo[H[My, My =(1-M + MV (13)

| My (H|Z HY),
MY = y 0 (14)
0 (Hl < Hy').

4,102,111

This expression, which agrees with other works, assumes ¢ is the trans-

formed fraction; superscripts (-)(®) and (-)(!) label the parent and transformed phase.

102,111

The present coarse-grained theory, like those of several other articles and



Chapter 3 of Maugin!®' omits explicit exchange effects, magnetization gradients in
the free energy, and a separate angular momentum balance for electronic spin. Such

microscopic phenomena have been addressed in other sophisticated theories.!!>!113

2.2 Balance Laws

11,101

Attention is restricted to quasi-magnetostatics, further in the theoretical limit

of negligible electric current for the problem of interest. For isotropy, B||M so

Cauchy stress o is symmetric.!!1!

Let p and py be spatial and referential mass densities and v = x be particle veloc-
ity. Continuum balances of mass and momentum and the two pertinent Maxwell’s

equations are
po=pJ, V-o+b=po, oc=0c"; V-B=0, VxH=0. (15
The gradient with respect to x is V(+), and body force per unit spatial volume is b.

Electromagnetic fields contribute terms of order /iy ' |B|? to the total stress ten-
sor.!'1%! The yield stress of ferrous metals of interest is on the order of 0.5 GPa.
Attention is restricted to fields for which /i, '|B|? is significantly smaller than this,
noting fioMs =~ 2 T in Fe. An upper limit is then io|H| < 5 T, by which elec-
tromagnetic stress (e.g., Maxwell’s stress) and ponderomotive body force terms are
safely omitted, as in historic analysis of shock loading of iron under external mag-

netic fields.*!1®

Cauchy stress becomes the sum of Eqgs. 9 and 10, with p the Cauchy pressure:
o~ —pfl+6", p=—itro ~p¥. (16)

The first Piola—Kirchhoff stress P, elastic second Piola—Kirchhoff stress S, Mandel

stress S, and Gibbs free energy per unit reference volume G are!!3%1%8

P=JoF ', S=JF'aoF")T=20¢9/0C" S=CFS, (17)

G=v¢—-P:F. (18)

Assume isotropic thermal conductivity x = constant with Fourier conduction q =

—kVf. Invoking the model of Eqs. 1-13, the local balance of energy in the form



of a temperature rate equation, in the absence of point heat sources, and the entropy

inequality in reduced form are derived as follows'!3:

) _ A - 0AB, - OR
_ T &-T1.1P _ % AT _ VAebo ;5 Ofv . 2
cyd = [(F*)"S(F°) "] : L [A G+ QTG} 3 7E J ax + kV0,
(19)
ONT&/EN\-T7 . T P erqe OR. K 2 .
[(F*)"S(F*)"']: L" - [A"G]¢ - Xt g!Vodl” = 0; (20)
LP — FPFPfl. (21)

The plastic velocity gradientis L”, and A*G is the Gibbs driving force for structural

transitions! -108117.

A*G = 0 /9¢ — P : (OF /0¢)
=0(Q+ R+ ®)/0¢ — [S(F*)~"] : (OF*/0¢). (22)

Derivatives of (), R, and ® with respect to ¢ furnish thermochemical, microstruc-
ture, and magnetic driving forces for transformation, while the rightmost term is a

mechanical driving force. Entropy per unit reference volume obeys, as usual,3>!18

n=—0¢/d0. (23)

3. Boundary Value Problem and Model Reduction

3.1 Pressurized Simple Shear

Geometry and boundary conditions for the problem analyzed in Sections 3-5 are
shown in Fig. 1. Cartesian reference and spatial coordinates are (X,Y,7) and
(x,y, z). A slab of material of initial height h and current height A(t) is infinitely
extended in X, z- and Z, z- directions. Mixed mechanical boundary conditions re-
ferred to the spatial frame are used. A constant velocity of v, = v is applied at
y = h, and v, = 0 at y = 0. The normal traction on all boundaries (finite and
infinite) for ¢ > 07 is a constant pressure field ¢,, = —py. Tangential traction due
to 0., for any cross section x = constant exists but is not shown in Fig. 1. Taking
(X,Y, Z) to be coordinates minus application of pressure (e.g., corresponding to
a stress-free reference state), initial height hy will differ from the Y value of the

planar boundary of the unstressed solid due to compressibility: iy depends on py.



ta(y = h,t) = —po H = Hge,

v(y=ht)=v [OBNOINO!
y(ho,6) = h(E)— | || »o=ro=nw
1 I
o~ ] !
= —py ;lll ,,l
—> = localization band e
/° /’
II Y v Il tn (X - ®, t)
|,’ v, (0,t) =0 > x, X .,' = ~Po

Fig. 1 Boundary value problem: tangential velocity at y = h is v, applied normal traction ¢,,
on all boundaries is py, including ¢, (z — +o00,t) = —po (not shown). Remote magnetic field
is of constant magnitude H,, aligned tangential to plane y = h and orthogonal to v. Slab is
infinite in X, x, Z, 2 directions; initial (current) height of slab is h (k). Material is thermally
insulated: 99/0y = 0 at y = 0 and at y = h for ¢ > 0. Initial state variable x(y,¢ = 0) and
temperature ¢(y,t = 0) can vary modestly within y € (0, h).

Initial pressure py is applied slowly enough to be considered isothermal in an aver-
age sense and quasi-static. Subsequently for ¢ > 0%, boundaries y = 0 and y = h
are thermally insulated. Remote magnetic field is of constant magnitude Hy > 0 for

t > 0" and is aligned parallel to z, Z.

Under shearing for ¢ > 0%, h may displace from h, to maintain constant p, at
y = h. This is expected if the material undergoes a volume-changing structural
transformation under shear. Velocity vy is time-independent for ¢ > 07: the nec-
essarily inertial accelerative ramp-up from a resting state to, say, a uniform initial
velocity gradient (Qv,/0y)|i—o+, is not analyzed. When py = 0 and Hy = 0, the
boundary value problem in Fig. 1 and aforementioned assumptions degenerate to

those standard for shear band analysis.>0:46:47:49.50.53.60.61

For ¢t > 0%, the problem with infinite z, 2 boundaries is 1-D in the sense that spatial

fields depend at most only on (y, t), viz.,

v=v(yt), F=F(yt), o=oc(yt), 0=0yt), H=H(yt). 24

The orientation of any single localization band, within which F' differs radically
from most of the surrounding material, is restricted to that of Fig. 1, but multiple
parallel bands are not excluded. A 2-D perturbation analysis* suggested two band
orientations are equally favorable, and that pressure dependency of flow stress af-

fects the angle between these orientations. Such more complex geometries, due to

10



allowance of linear pressure perturbations in 2-D, are excluded in the present 1-D
setting, as elsewhere.>#*%33 Properties and initial temperature need not be uniform
in y, but z and z variations are excluded. Variations in initial strength (e.g., from
perturbations) and temperature*’ can trigger localization at critical y locations. The
former are a pragmatic substitute to z-thickness changes from manufacturing flaws

in torsional Kolsky bar specimens.*->

The reference configuration spanned by (X, Y, Z) is defined more precisely as fol-
lows. This configuration is a model construction useful for analysis and need not
be attained in experimental practice. Pressure py and field H, are removed instan-
taneously at fixed # and £ from an unsheared state, before v, = v, is applied. In
this undeformed and unloaded state, by construction, F = FF = F¢ = FF = 1,
o = 0, and £ = £ = constant. Almost everywhere, § ~ 6, = constant and
X ~ Xo = constant. Initial perturbations in # and y along Y are allowed, with mag-
nitudes small enough that initial perturbations in J, p, and £ can be omitted (e.g., ¢
variations not exceeding 10 to 100 K given Ag). The uniform value &, corresponds
to an equilibrium state at p = py, § = 6y, and xy = xy. For the case of phase transi-
tions, & is the volume fraction of the second phase and 1 — &, the volume fraction of
the parent. Referential mass density of the whole solid (i.e., all coexisting phases)
ispo=(1- fo)p(()o) + £opél) = constant.

Nonzero components of F(y(Y,t),t) are F,x, Fyy, F,z and F,y. For a generic
differentiable function f = f(y(Y,?),t), it follows that f/0Y = (0f/0y)E,y,
and 0f /0X = 0f/0Z = 0. From the second of Eq. 24, compatibility conditions®’
Vo X F = 0 require

OF,x/0Y = 0F,y /90X =0, 0F.;/0Y = 0F.y/0Z = 0. (25)

Nonzero magnetic components are H,, M., and B, = [io(H, + M,). Jump condi-

11,101

tions require [, continuity across y = 0 and y = h. The last of Eq. 15 and

Eq. 24 lead to 0H, /0y = 0H,/0z = 0. The trivial solution to Maxwell’s equations

for t > 07 follows as
H.(y,t) = Hy =constant = B,(y,t) = fio|Ho + M.(y,t)].  (26)

Strictly, if M, varies with ¢ as in a ferromagnetic transition, B, will vary with ¢,

inducing a transient electric field and current. In the limits of quasi-magnetostatics

11



or null electric conductivity, electric current has been omitted in the momentum
balance, Maxwell’s equations, and the laws of thermodynamics, namely, Egs. 15,
19, and 20.

For the isotropic constitutive model, nonzero stress components are o, 0y, 0z,
and 0,, = 0y, and heat flux is limited to ¢y. Taking b = 0, the second of Eq. 15

and heat conduction energy rate in Eq. 19, with Eq. 24, are, respectively,

004y . 0oy, .
9y _ o )
oy U gy P 27)
a0 ) a0
qy = —nFyya—y, KVl = mFyya—y (Fyya—y) : (28)

For the more restrictive settings of null inertia (finite mass p > 0 with v — 0) and
locally adiabatic conditions (i.e., a heat nonconductor x — 0 with |00/0y| > 0
admitted), Eqs. 27 and 28 degenerate to, respectively,

004y 00y,
oy Oy
k=0 = qy=0, [0 =6(y,1)]. (30)

=0 = 0wy =0y(t), oy =o0y); (29)

Analysis of the problem proceeds as follows. Particular forms of ¢, F¥, F¢, and F¥
are postulated a priori, based on the geometry and physics of the problem in Fig. 1.
Then, given the full 3-D constitutive theory of Section 2 and these defined kinemat-
ics, assumptions (e.g., linearization or omission of higher-order terms) needed for
satisfaction of Eq. 27 or Eq. 29 are deduced. A reduced-order version of the 3-D
constitutive framework, including slip and transition kinetics motivated from prior

workl 1,35

and consistent with these assumptions, but simple enough to accommo-
date implicit analytical solutions, is posited in Section 3.2. The approach yields a

closed set of governing equations in Section 3.3.

Kinematic variables in Eq. 1 are postulated as follows. Recall that the reference
configuration is unstressed: F¥ includes the isothermal elastic volume change re-

sulting from initial pressurization by py. Motion x = (X, ¢) and all deformation

12



gradient terms in 3 X 3 matrix form are

r=2(X,Y,t), y=y,t), z==z(Z1t); y=J"++"+7"; @31

1 v5(Y,) 0 1 A4(Yt) 0
FE(Y,0)= 5@ 0o 1 o, [FY.t)=| 0 JY.t) 0],
0 0 1 0 0 1
(32)
YE(Y,t) 0 L y(Y,t) 0
FP(Y, )= 0 1 o, [F(Y,t)]=1| 0 J&Y,¢) of (JE()'3.
0 o0 1 o 0 1
(33)

Thermoelastic deformation consists of spatially homogeneous volume change J%
and simple shear ¥, Total shear after thermoelastic volume change in the last of
Eq. 33 is . Plastic deformation is the simple shear v*. Structural transitions in-
clude simple shear 75 and strain normal to the band, with volume change .J ¢ each
interpolated!! via £(Y t):

V= —&),  JE=1+85E-&); 5=p0/p0 1. (34

Both 7§ and &5 are material constants; either or both can be zero, positive, or nega-
tive. Note F of Eq. 33 obeys compatibility conditions in Eq. 25. From F¥ in Eq. 32,
the Cauchy stress of Egs. 9, 10, and 16 is

. —p+ u(7")? py® 0
o] = 57 py? —p — 2pu(7")? 0 , (35
0 0 —p — 3u(7")?
p(JF,0) = =Bo{ln J¥[1 — 5(By — 2)In J"] — Ao(6 — o)} (36)

Some approximations are now introduced. Elastic shear is assumed small such
that terms of O((y%¥)?) are negligible. Thermal expansion in p is omitted (e.g.,
Ay — 0), typical in analysis of shear bands.?#->06%6! Omitting thermal expansion
renders pressure independent of temperature. Lastly, terms of 0(55) are omitted
in the prefactor of Eq. 35. As an example of the consequence of the last approx-

imation, for the o« — ¢ transition in Fe, 53 = —0.0512,%* so underestimation of

13



stress in the € phase would be ~ 5%. From the boundary conditions of Fig. 1,

Opz R Oyy R 0., R —Pp = constant, so

—po pwyE/TE 0

o= | wP/T" —po 01, (37)
0 0 —Po
InJF

JE =~ arg {po = — By [1—3(B) —2)In J7]}. (38)

JE>0 JE
Since p, = constant, J¥ (po) = constant for ¢ > 0T. Since Oyy = —po, the second
of Eq. 29 is satisfied. The first of Eq. 27 becomes 97 /9y ~ d(uy¥) /0y = JE pv,.
When 7(t) = J¥0,,(t) is independent of y, then inertial force is negligible. On
the other hand, if higher-order terms are retained in Eq. 35, then inertial forces, or

departures from the kinematic ansatz of Eqs. 31-33, would be expected.

From Eqgs. 32-37, dissipation from plastic and structure deformations in the energy

balance of Eq. 19 and entropy inequality of Eq. 20 is

(FOTS(F)™T) L =75, 7= JP0,, =P/ J =~ iv?, o = TFpo;
(39)

[S(FS) "] : (OF¢/0€)E = [m7§ — J¥{p — 2T u(7vP)?}165)€ ~ [77§ — Podglé.
(40)

The mechanical driving force for both shears v* and ~¢ is 7; that for volume change
J¢ is py. Taking the parent phase to be ferromagnetic (e.g., a-Fe) and the product
essentially nonmagnetic (e.g., e- or y-Fe), then & = —[igHo M, with My = (1 —
&)Ms for Hy 2 Hg in Eq. 13. Gibbs driving force in Eq. 22 becomes

_A*G(7E7 97 67 X;p(b HO) ~ T’Y(g) - ]3058 + ()\T/QT)(Q - QT)
— o — OR/OE — figHo M, (41)

where the rightmost term vanishes for Hy < Hg. The energy balance in Eq. 19

~Y

is now, with generally transient Taylor—Quinney factor®>!'%120 8(y(Y,t),t), 0 =
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O(y(Y.1), ) and J*(py) = 0,

ey = BT — [A*G + (\p/07)0]E + K(5*0/0Y?), (42)
B =[r3" = (OR/9x)X]/(T4"). (43)

Denoting an arbitrary rigid body rotation by Ry, energy W and stress o are un-
affected by transformations of the form F¥ — FFR} with F’FF — RoF¢F”.
However, different forms of R can affect partitioning of dissipation among in-
elastic deformation mechanisms: the present choice Ry = 1, motivated by physics

peculiar to Fig. 1 and metal transformation-plasticity, is not arbitrary.3>!2!

3.2 Reduced-order Constitutive Model

Following Molinari and Clifton,*”#>-3 further assumptions are invoked to enable
analytical solutions. The material is idealized as a nonconductor of both electricity
and heat, with kK — 0 so as in Eq. 30, 96/0y need not vanish. Inertial forces are
omitted, so the momentum conditions in Eq. 29 hold. Invoking Eq. 37, 0, ~ 0, ~

0., &= —po = constant, and the first of Eq. 29 gives d7/0y ~ 0.

Heat conduction inhibits localization at low strain rates, and inertia inhibits lo-

47,49,50

calization at very high rates.>!?? As explained by Molinari and Clifton and

33.54.123.124 onconduct-

Wright>3! in the context of complete numerical solutions,
ing and noninertial conditions enable accurate predictions of applied strains needed
for localization in steels in dynamic torsion experiments: for example, those from
which viscoplastic properties are extracted in Section 5.2 at rates on the order of
103-10%/s.3%31125 Heat conduction is also omitted in recent work?® that models shear
bands in steel, like many, if not most, contemporary computational approaches, usu-
ally for numerical efficiency. In the present analysis, the only regularization mech-

anism is strain-rate sensitivity.'?6

245-4749.50 5 that of rigid viscoplasticity, whereby 7/p — 0

Another assumption
but 7 remains finite. In this limit, VE — 0. For Fe and steel, 7E at yield is on the
order of 0.01, 2 orders of magnitude smaller than average strain at localization in

experiments>%-3!

and numerical results of Section 5.2. Lastly, in conjunction with
rigid-viscoplastic response, the usual assumption 375" — By with 5y € (0,1] =

constant*®474930 j5 used. With J¢ on the order of unity, the shear strain, shear strain
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rate, and the energy balance of Eq. 42 reduce to, respectively,

v+ >0, A=A 56> 0; (44)
eyl & By — [A*G + (Ap/07)0E. (45)

Note that 3, implicitly embodies some contributions from Y, &, x, and 5 . However,
Bo does not contain the majority of dissipation or energy storage from structure
transformations such as phase changes or DRX, both of which should be exothermic
for ferrous metals studied later. Rather, the term —A*G - 5 in Eq. 45 accounts for
these physics, which should raise the apparent Taylor—Quinney factor as measured

15,18

by temperature rise in experiments. If ’yg < 0, shearing from slip must outpace

that from transformation. If fyg > 0, then 4" < 0 is not impossible.

In the absence of explicitly resolved elastic shear strain, assigned is a viscoplastic

flow rule®8¢1% that relates 7 to Kirchhoff-type shear stress 7 = J¥0,, > 0:

Y= (t/g)"™, g =9 x,0:p0) = gv (&, po)h(X)A(0); (46)
Bry" — oty > 0, (47)

where 7y = constant > 0 and m = constant > 0 are a reference strain rate and rate
sensitivity. Flow stress g > 0 includes phase- and pressure-dependent yield stress
gy > 0, strain hardening (or softening) function ~ > 0, and thermal softening
(or hardening) function A > 0. For monotonically increasing 7, x associated with

dislocations is defined as follows, with initial values close to unity:

For arbitrary strain histories outside the current scope, v or ¥ are not always ap-

35,109

propriate internal state variables.®> A mixture rule gives gy, and h and \ are

power-law forms*4%-0:

gy = go(1 — ), ag=1—-9g1/g0 € (—00,1); (49)
h=Xo(1+7/7)", A=(0/60)". (30)

Here, go(po) > 0 and g1(py) > 0 are strengths of parent and product approximated

with the same pressure scaling; g, o, 7, and v are dimensionless constants. Invert-
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ing Eq. 46, the flow stress 7 is

T<7<y7t)77(y>t>7£(y>t)v6(y7t);XD(y>7pU>:::90(p0)XD(1 _'aﬂé)
X (14 79/7)"(0/600)" (/%)™ (51)

A pragmatic assumption for some, but not all, analysis steps of localization in fer-
rous metals of mild strain-rate sensitivity (i.e., m small relative to unity), deformed
in simple shear or torsion, replaces the local strain rate in Eq. 51 with its constant
average 7,*% as justified by Molinari and Clifton*:

7(7,£,0;7, X0, Po) = go(Po)Xo(1 — &) (1 +7/%)"(0/60)" (V/5%0)™,  (52)
7 = Uo/ho- (53)

Expression Eq. 51 is favored over Eq. 52 so is used later in the momentum balance.
The latter Eq. 52 is used sparingly, as necessary, for estimating dissipative contri-

49,50

butions to the energy balance and structure transition kinetics when local strain

rates are unknown (e.g., analytical solutions).

A structure transition kinetic model originally used for phase transitions in Fe’!!

123583 5 adapted to evolve £(y, t). Let d¢ = £dt. Then nonnegative dis-

and steels
sipation is ensured by —A*G d¢ > 0. Restricting the range of the order parameter
to & € [0, 1] and considering only forward transformations d§¢ > 0, define the di-
mensionless driving force F = —A*G/fF and introduce state-dependent energy
barriers ap and fr > 0. Prescribe d§¢ = dF for F > ap/fr and d§ = 0 for

F < ap/fF, automatically satisfying —A*Gd¢ > 0 if ap > 0"

Integrating this ordinary differential equation (ODE) gives the metastable value

£(y, 1), linearizing prior models®!!33:

3 —A*G/Br
/ de = / dF
0 ar/Br
—13*(}-—(1F
Br

= = c€[0,1] V —A*G € [ap, ap + BF]. (54

Denoting a relaxation time constant by 7= > 0, linear kinetics are Tpf (y,t) =

“If ap < 0, dissipation from plastic work, microstructure (e.g., X), or conduction must offset
contributions from —A*G¢, if negative, to satisfy Eq. 20. See Section A.2 in the appendix of this re-
port. Overlooked previously,*>®? this thermodynamic restriction is verified a posteriori in Section 5.
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£(y,t) —&(y, t). With 7 on the order of 10~%s in Fe and steels,”!!3 for time scales

of present interest relaxation should occur very rapidly,® that is, 7p < 1/7 =
€(y7t) ~ é(yvt)v - A*G(yat) € [OéFaaF + BF]

Applying 7 = 7(7,&,0,x0) of Eq. 52 and R = R(&, x(7, xo0)) of Eq. 48, then
from Eq. 41, A*G = A*G(v,¢&,6; X0, Do, Ho). Letting ap = ap(p, H|,7) —
ar(po, Hy,7)% and Br = Br(py), Eq. 54 with & = £ is an implicit equation of
the form & = £(v, &, 0; xo0, Po, Ho) to be solved simultaneously with integration of
Eqgs. 45 and 46 for £(y,t), 6(y,t), and ~(y,t). Such solutions require numerical
methods adopted in Sections 5.3 and 5.4.

For illustrative purposes, several additional assumptions furnish an explicit equation
of the form & = £(v; xo, o, Ho) to facilitate strain localization limit analysis.*”4*>°
A first-order in +y estimate of adiabatic temperature and a first-order in £ estimate
of the interaction force between £ and y are defined as follows, with r = r(7)

dimensionless:

0(v) = 0o + (Bogo/cv )7; OR(E, x(7,x0)) /0§ = p(1 = &§)r (7). (55)

In the second of Eq. 55, multiplier (1 — ) ensures vanishing force as ¢ — 1. The
form () vanishes at v = 0 (i.e., 7(0) = 0) to enable initial thermodynamic equi-
librium. A material-dependent form is described in Section 5.1 for ferrous metals.
Note 6(y, t) accounts for increased temperature in a shear band due to plastic work
from large (v, t), but it omits transient contributions from hardening/softening and

structure transitions.

Setd ~ 0, £ ~ £, and use Eq. 55 in Eq. 41. This gives, with Eq. 52,

Bré = goxo(1 — ao€)(1 +7/%)"[L + Bogov/ (cv o)’ (7/%0)™ 5

+ (Ar/07)(Bogoy/cv + 0o — O7) — pr(1 — &)
— (o + Pods + fioHoMs + ar). (56)

This expression can be solved explicitly for & = £ in the domain of A*G, ap, and
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B for which a valid result in range (0, 1) is obtained:

0, € < 0],
£(7;x0, 00, Ho) = § €= —A*G/fr — ar/Br, [€ € (0,1)], (57)
1, (€ >1];

£~ goxo(1+ 55)" (1 + ﬁc(:fgp (55 . ;)" s + AT[ﬁO{qO — (0 — )] — pr — Cp
Br + aogoXo(l + /7)1 + Bogor/ (cv00)]” (7/30)" A5 — pur

Co(po, Ho) = o + ]50(]90)53 + f1ioHo Mg + ap(po, Ho). (58)

)

The transition barrier oo depends linearly on 7 in Eq. 59; ar, (y, and Cj are con-
stants for t > 0

ap(po, Ho, 7) = ar(po, Ho) + Co(po, Ho)Vsm,  A5(po, Ho) = ~5[1 — Co(po, Ho)].
(59)

For given material properties, applied strain rate 7, pressure po, and magnetic field
Hy, transformation d¢ > 0 initiates at v = 7; and concludes as £ — 1 at vy — s,

spanning strain domain yp:

v = argmin{¢(y) > 0}, 7 = argmin{{(y) = 1}; 7 =2 — 7 > 0. (60)
v2>0 Y271

Then, from the approximate solution in Eq. 56 and the thresholds defined in Eq. 60,

the Gibbs energy difference is approximated as

3.3 Reduced Governing Equations

In the absence of thermal and electrical conduction and inertial forces, and invoking
the reduced-order model of Section 3.2, Eq. 20 is obeyed, and the conservation laws
are the momentum balance d7/0y = 0 and the energy balance in Eq. 45. Next,
Eqgs. 52 and 61 are substituted into the energy balance. The latter is divided by A(#)
with A() for the contribution from ¢ to the order of approximation in Eq. 56. The
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following separable, first-order ODE is obtained:

ev05077d0 ~{Bogoxoll — aol(M](L +7/7)" (7/40)™ L + (7§ /Bo) (€ /d7)]
+ 05 (00 + Bogoy/cv) " [ar + Bré(7)
— (Ar/07) (00 + Bogoy/cv)|(dE/dy)}dy, (62)

where £(7) is given by Eq. 57 at fixed (xo, po, Ho). Integrating Eq. 62 from initial
conditions #(y,0) = 6;(y) and v = 0 produces the temperature history 0(y,t) =

0(v(y,t)):

— Y
o) =01+ 1 [ Shamolt = o€+ /0" 50"
VY% Jo
& .

1—v
d
a7

mil’l("{/yg)
/ Conigonoll — aoé()](L +4/70)" /30)™
Y1

1— min(vy,72) &\ TV
4 VV / (1 1 Bogoy )
cV90 " Cveo

X Jar + Br&(F) — (Ar/07) (0o + Bogoy/ev)]

Cy 06

1

de T
d&dfy} . (63)

Substituting ¢ and d§/dvy derived from Eq. 56 gives polynomial integrands of ¥
in Eq. 63 that, though possibly integrable analytically, are too cumbersome from
which to draw transparent conclusions on localization criteria. Numerical integra-

tion of the energy balance is undertaken with full Eq. 56 in Section 5.

For illustration only, ¢ is here linearly interpolated between ; and v, of Eq. 60:

()~ LB H(y — ) + 20
Yr

{v/71 € [O,OO),’)/Q € (Oa 00)7 and YT € (07 OO)} (64)

H(,-)/ - 72)7

The left-continuous Heaviside function is H(+), having derivative of the delta func-

tion J(-) and the following integration rule:

0, Vz <0,
H(xz) =
1, Vx>0
() = o) / ' %’)H@dy — f@H@) — fO). 69
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InEq. 64, { = 0Vy < 71, § = 1V >y, and d§/dy = 1/97 V7 € (71,72),
d¢/dy = 0Vy < 7, dE/dy = 0V > 9. Inserting Eq. 64 into Eq. 63 and
integrating by parts with Eq. 65 gives an approximate analytical solution, excluding
the special cases given subsequently in Eq. 68:

me . (L =v)Bogoxo(¥/0) 0 l4n
9(7) ~ 91 + (1 I n)CveS [(1 + 7/70) 1]

(1 = v)aoBogoxo(¥/%0)™ 0 Lin
- L+ m)evOF [(1+7/7%)""

(1 — v)Cogoxo(7/%0) ™50
14+ n)ev 0y

)
(
(1 = v)¢ogox0(3/50)™ 570
(
)

— (14 72/70) T H(Y = 72)

+ [(L+7/%)"™ = (1 +y1/%) T H(y — 71)

+ [(1 4 72/7%0)"™™ = (14 /7%0) " H(y = 72)

1+ n)ey08yr

(1 — v)aoBogoxo(7/50) " vom o5 n n
i (IO 0TI (4 2006 (14 /30 = (1420700 4G = )
(1 — v)aoBogoxo(¥/50) ™ von (1 n Co%g) )[(1 I 72/%>1+n

+
(1 +n)evb§yr Boyr

— (L+7/7%)" " H(y — 72)

- L= oabogonaBIA0"%8 (1 D081 17— (1 oG~ )
- U rheabogonal@/io™d éﬂ DI+ 92/30%" = (4 /0O = )
+ (1_”)&(&19(2’;00;/;0 " ( g ) (1+7/70)"" = (14 71/70) " H(Y = 1)
+(1_”)(ff(fflg°£°9:7/;° "6 <1+é > (1+92/70)" ™ = (1 +9/70) " H(y = 72)

91711 1-v
4+ % (O_ZF_BFW1>{{1+50907] _{1+509071} }H(W—%)
Bogoyr YT cvbo cvbo
0y " ( Brm ) { { 509072} o { ﬁogo“q I_V}
+ arF — 1+ =1+ H(y —
Bogoyr \ © r eyt cvbo (=)

05 evBr { [1 n 5090’7} o {1 n 5090’71} 1_V}H(7 o)

(Bogoyr)? cv o cvto
02" v Br { [ 5090’72} v [ 50907} 1V}
1+ — |1+ H(y —
~ (Bogorr)? cvbo cv o =)
(1—v)02 ey Br { { 50907] 2_’/_ { 509071} }H v =)
(2 —v)(Bogorr)? cvbo cvbo
n (1—v)03 ey Br { { 5090’72} _”_[ 50907} }H ¥ =)
(2 = v)(Bogoryr)? cy o cvto
(1— )07 " Ip {[ 50907} v [ 509071} }
1+ - H(
(2 — v)Bogoyrbr cvbo cv o 0=
(1 —v)05 "\ { [ ﬂogo’m} - [ 50907 } ]
1+ H( . 66
2 — v)Bogoyrbr cy by cvbo = (©9
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Linear momentum conservation becomes the following, with 8 = 6(~y; ;, xo, po, Ho)
and & = £(7; X0, Po, Ho) in the rate-dependent flow stress expression Eq. 51 and re-
calling from Eqgs. 32 and 33 that F,y (Y, t) = (JE)Y3J4(Y,t) > 0:

87—(7(3% t)7 7(3/7 t)v 91 (y)7 XO(y>7p07 HO)

dy
or(y(Y,t),t) 7 or
Y Ty

=0

= =0 = TA:T(YA,t):T<YB,t):TB.

(67)

Denoted by Y4, Yp are coordinates of any two material points the slab with shear
stresses 74, 75.*°" In the linear momentum balance, local transient rate depen-
dence of 7(7¥(y,t);-) is enabled, as in the original viscoplastic flow rule Eq. 51.
Approximate form Eq. 52 has only been used thus far for evaluation of the structure
transition model and integration of the balance of energy, the latter following the

same assumption invoked by Molinari and Clifton.**>

Limiting cases distinct from Eq. 64 are defined as

limé&(y) =0, limé(y) =1, lim¢&(y) = constant € (0,1). (68)
Y1—00 v2—0 =00
Y200, 11€(0,00)

The first special case of Eq. 68 implies structure transitions never occur as y — 09,
the second that structure transitions are always complete regardless of v, and the
third that the structure order parameter gets “stuck’ at a constant intermediate value
as 7y — oco. The analysis requires £(y) be a continuous function of v over semi-
infinite nonnegative domain v € [0, co]. The pathological case 7, = 72 € (0, 00),
whereby ¢ would be discontinuous at v = v, = 7y, is excluded from the analysis.
For the first limiting case in Eq. 68, v; — oo and Eq. 66 applies with all terms
on the right vanishing except the first two. For the second limiting case in Eq. 68,
Eq. 66 applies with 7, — 0 in the third expression on the right and all subsequent

terms vanishing.

In the complementary journal article,' effects of parameters n, v, and m on shear
stress 7 of Eq. 51, transformed fraction £ of Eq. 57, and temperature # of Eqgs. 63 or
66 are reported. In those calculations, effects of modest departures of n, v, and m

from their baseline values for Fe of Sections 5.1 and 5.2 are considered.
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4. Localization Analysis

4.1 Localization Conditions

The L, localization definition of Molinari and Clifton*”#%" i

is implemented. Ac-
cordingly, localization of shear strain v(Y,¢) occurs at material point B with Y =
Y5 and time t. when v(Yg,t)/v(Ya,t) = v5(t)/v4(t) — oo with increasing time

t > t. for every point A with Y, # Yp.

Integrating the equality 7;1‘/ =

TB "™ from Eq. 67 to any time ¢t = ¢, > 0, with
integration limits v4 = (Y4, t,) and v = (Y35, t,), initial conditions o4 =
Xo(Ya), xos = x0(Y5), flow stress Eq. 51, and functional forms { = £(y(Y, t)) and

0 = 0(~(Y,t)) consistent with Sections 3.2 and 3.3 gives

/0 [gox0a{l — o€ (Y(Ya, )Y ™1 + 7(Ya, ) /5] ™ [0(4(Ya, 1)) /00)" ™45 4 (Y, £)dt
- /0 lgoxos{1 — a0t (Y (Ve )™ L+ 1(Ye, 0)/7] ™01V, £)) /00) ™ (Y, £)dt
é/o X" {1 = o€ ()™ (143 /70)" ™ (0(x) /6]y

YB
:/0 X {1 = ao€ (MY ™1+ /7)™ 8(7) /0] ™ dy. (69)

When L, localization occurs, t, — t., yg — 00, and v4 — V4., where y4. > 0 is

finite:

/0 U = oo ()Y (L 4 o) () 0]y

= Hm [ g L= aof(I7 L+ v/70)" " 6(y) /0]y

YB—0 Jo
B

= lim I(7)dy. (70)

YB—0Q 0
Since 4. is finite by definition, the integral on the left, and thus the right side, of
Eq. 70 must both be bounded, meaning L., localization occurs if and only if 7(~)

is integrable as 7 — 00.4"

For the framework of Eqs. 51, 64 or 68, and 66, [ is proportional to a function of
power ¢ of a linear function P(7y) = ¢y + ¢z as 7 — oo. With ¢; > 0 and |c,| both

finite, 1y > c9 as ¥ — 00, so P? ~ ~9 and a corresponding generic localization
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criterion is then*>°

o= I(y) ~[PM)]"~ 1

lim y—o00 lim y—o00 lim y—o00

= L localization possible < ¢ < —1. 71

First consider the case of conditions in Eq. 64: 73 > 0, 75 < 00, 72 > 7. As
v — 00, & = 1 and all functions of 7 in Eq. 66 except the first two cancel, so

Tim [xg™ (1= a0€)"™ (1 /50)"™] ~ 93, lim (y) ~ T

v(l4+n)

= I ~ymi T (72)

The L, conditions in Eq. 71 then match* those for a similar viscoplastic model in
49,50.

work by Molinari and Clifton
q=w+n)/[ml-v)] <-1
= v+n+(1—-v)m <0, Vm >0,v<1]. (73)

Now consider the limiting special cases in Eq. 68. In the first two, £ is constant
throughout the deformation history, so structure changes make no contribution to
f or T, though @ and 7 are generally affected by the fixed initial value £ = &, =
0or & = & = 1. In these two cases, relations in Eqgs. 72 and 73 clearly apply
verbatim. For the third limiting case in Eq. 68, structure changes are frozen beyond
some finite strain value 7, where £(y > ~¢) = & € (0,1). Again, as 7 — oo,
& ceases to contribute to # or 7 apart from constant scaling factors and additive
constants, so Eqs. 71-73 continue to hold. Here in Section 4.1, since both phases
have the same values of m, n, and v, the L., possibility conditions are unaffected
by structure transitions. However, structure transitions do affect the applied (i.e.,

average) critical strain at which localization occurs, as shown in Section 4.2.

*In the complementary journal article,! reduction of the governing equations and solution pro-
cedures of present analysis exactly to those of Molinari and Clifton*>° is proven in the absence of
phase transitions, superposed pressures, and external magnetic fields.
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4.2 Stress-strain Response

The integrand of fgc r/™dt in Eq. 69 is non-negative and tends to zero only as
t — t. < yp — oo when L, localization occurs at point 5. Therefore, among all
possible locations Y in the slab, localization will occur at the earliest possible ¢,
at point Y = Yp for which the rightmost integral in Eq. 70 is a minimum.*>* For
the current initial-boundary value problem, different locations Y are distinguished
only by different possible initial conditions xo(Y") and/or 6;(Y"). If x, and 6; are
uniform, L., localization is impossible since all points Y are indistinguishable so
will share the same stress-strain-temperature history (i.e., the trivial homogeneous
solution v = ~(t), independent of Y, is the only physical solution in that case).
The localization threshold at Y changes with 6;(Y"); whether it increases or de-
creases depends on material properties. The localization threshold at Yz drops as
Xop decreases because xyo > 0, m > 0, and to at least a close approximation,

FYB] /m

lim [7% I(y)dy o< xp"-

YB—+00
Henceforth, the analysis focuses on non-uniform y, and sets 6, = 6, = constant.
The L., definition can be extended slightly such that localization can occur si-
multaneously at multiple points having the same minimum value xy = Yop. Take
xo(Y) =1—0x0(Y) where dx, € [0, 1) is a smooth perturbation field. Localization
ensues at any point(s) Yz = argmax{Jdxo} where xop is a minimum. In the usual
case m < 1, any finite magnitude of the localization threshold integral is very sen-
sitive to the magnitude of the defect quantified by d. Each shear band approaches
a singular surface at Yz across which displacement suffers a jump discontinuity as
v — oo. It is assumed that v and ~ are continuous functions of Y except at such

singular point(s) Yp att > ..

Average strain 7 in the slab, whose average strain rate is 7 since vy = constant, can

be derived from an identity stemming from the generalized theorem of Gauss'?’~!%

with § = (JF)1/3y":

oy ot 1 N
~M—E—%Ovmw@ (74)

The factor of (J¥)!/3 arises since hg is the coordinate of the top of the slab after

application of static pressure pg; see Fig. 1 and Egs. 31-33. If py = 0, theny =Y.

In the shear band, from Eqs. 6971, 7'/ /4 — 0 at localization point B as t — t,.
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If 7 remains bounded, 7 — 0 as yg — o0, a condition assumed here and implicit
in results of Molinari and Clifton.**° At any other time ¢ < t,, since (V) is
continuous, local strain 4 at at least one location Y, (that can in principle vary
with t) must match average strain 7y = vgt/hyg. If this Y, is time-independent, then
Y4 = 7 = vo/ho identically. In that case, stress exactly from Eq. 51 or, if not,
approximated from Eq. 52 at that location, logically assuming dxo(Ya) ~ dxo =

(1/ho) Oho dxo(Y (9))dy there, is the following for t < t.:

(7. £(7),0(7)) = go(1 = 0x0) (1 = o€ (7)) (L +7/%)"[0(7)/00]" [¥/H0]™- (75)

Bl

Since 07/9Y = 0 by Eq. 67, Eq. 75 is an equally valid estimate of 7 in the entire
Y -domain for ¢ < t..

Localization in the L, sense can occur only across shear band(s) of infinitesimal
thickness for 7 to remain bounded in the limit ¢ — ¢.. The average localization
strain 7, 1s computed as follows. First, the point Y is identified as any location
having Y5 = argmax{dxo(Y)} = argmin{xo(Y)}. A numerical value is calcu-
lated from the right side of Eq. 70, as yg — oo. This integral converges so long as
Eq. 72 is obeyed; otherwise, it may diverge, indicating L., localization is impossi-
ble. If converged, the left side of Eq. 70 is set equal to this value at every point Y4
having xo4 > Xop and solved implicitly for v4.(Y") at each such point covering the
Y -domain. The critical average strain at localization, 7., is then found by integrat-
ing 7 = v4.(Y) over Y in Eq. 74, excluding singular point(s) Y3.*->* Extension of

Eq. 74 would be required to quantify displacement discontinuities. 213

For admissible, but otherwise arbitrary, material parameters, both sides of Eq. 70
appear to require numerical integration. However, for the first two special cases in
Eq. 68, analytical forms of the integrals exist. For the first condition, 7, — 0o =
E(Y,t) = & = 0; for the second, 72 — 0 = £(Y,t) = & = 1. In each of these two
special cases, denoting the hypergeometric function by £, the analytical solution for

either side of Eq. 70 in terms of local strain v(Y") at corresponding material point Y
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is the following, not derived in prior work in absence of structure transitions*’4%-:

/0 CI(3)45 = 2(7) - F( = b, (1+ 0)/a, 1+ (1+ ) fa; (1 +7/%)*/No) — Do

Do = Z(0) - Fly=o, Lo = [xo(1 - Oéofo)Kg/(liy)]l/m,
K o— (1 —)(1 — o) Bogoxo(7/0) ™Yo _ 1

° (1 + n)cv90 1+ N()’
a=1+n, b=v/[(1—-v)m], c=mn/m;

L _
= = P+ 7/30) L+ /0 + Nl [+ 7/70 N+ 1 36)
oy (AgB) . ABz  AA+1)BB+1)z

F4,B,C;z) = Z (C)e k! L+ cn’ C(C+1) 2

k=0

(77)

Here, Lo, Ky, Ny, a, b, and c are constants at Y depending on material parameters,
phase fraction &, initial defect field xo(Y"), and average strain rate 7, while = is a
function of strain v(Y; ). Note xg /" ™™ Ly o (1 — ag&o) /1= However, as
this scaling factor is identical on both sides of Eq. 70, ¢. and 7, are unaffected by
Xal/ [(1=v)

nonlinear manner whose effects are not transparent in Eq. 76. From Eq. 49, ap > 0

ml Ly. Nonetheless, o affects the localization threshold via /Ny, albeit in a

corresponds to a plastically softer transformed material versus the parent, oy < 0

to a stiffer one.

In more general situations where structure changes are transient, thermomechanical
properties such as ag, Bp, A, Op, 'yg, and 1)y in the model of Section 3.2 affect
~1 and 7, of Eq. 64 via Eq. 60, # via Eq. 66, and 7— response via Egs. 74 and
75. The localization threshold integral on the right of Eq. 70 is also affected by
microstructure changes, though whether it is reduced or increased depends in a
complex way on material properties and cannot be deduced by direct inspection.
If v, is finite, then transformation £ : 0 — 1 will always occur at Y in the L.,
limit, as yg — oo. Transition can lower or raise values of 7. and ¢.. As the strain
in the impending band accommodates more of the average strain, v necessarily
drops elsewhere in the domain for the same value of 7. If transition is y-driven,

localization may reduce transitions outside the band even if promoted inside.

Applied pressure py and magnetic field H, enter the preceding analysis only through
the otherwise constant initial yield strength go(po) in the flow rule of Eqs. 46 and
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51, and the otherwise constant functions Sr(po) and Cy(po, Hp) in Eqs. 56-58 for
transformations in Section 3.2. These loading conditions implicitly affect transition
Kinetics via 71, 72, and 7. Since py and H are constants for ¢ > 07, then any other
nominally constant property such as n or v can be taken to depend on py and/or H,.
The derived localization conditions and stress-strain calculations are of identical

form in such cases, now using properties corresponding to the applied py and H,.

Some localization mitigation strategies emerge from the foregoing analysis. If Eq. 51
is accurate with m, n, and v similar in all phases, processing strategies or environ-
mental conditions (e.g., po, Ho) that increase the sum v + n + (1 — v)m should
inhibit adiabatic shear banding according to Egs. 71-73. Reduction of microstruc-
ture defects (i.e., minimizing () would also seem beneficial. From the second of
Eq. 72, 0p — oo as yg — oo when (1+n)/(1 —v) > 0. In the usual case®® v < 1,
any finite melt temperature would be exceeded at Y5 for n > —1. The solid might
also be expected to fracture as v — oo. Melting and fracture are not analyzed
explicitly now, but these mechanisms impose physical constraints on the numerical

results discussed in Section 5.4.

In the complementary journal article,' effects of parameters n, v, m, and Mg on
critical average localization strain 7, are reported. In those calculations, effects of
modest departures of n, v, m, and Mg from their baseline values for Fe and Ni-
Cr steel of Sections 5.1 and 5.2 are considered, with and without phase transitions
enabled. Also reported in that reference are effects of n, v/, and m on the localization

integral [ I(-y)d, for departures from baseline properties of Fe.

4.3 Phase-dependent Strain Hardening and Thermal Softening

After undergoing structural transition, a transformed microstructure could exhibit
different viscoplastic properties than the original. The constitutive theory of Sec-
tion 3.2, localization analysis of Section 4.1, and procedures of Section 4.2 can
be extended to situations where strain hardening and thermal softening functions
and )\ depend on order parameter £. However, some analytical forms derived in Sec-
tions 3.2, 3.3, and 4.2 no longer hold, with equations instead requiring numerical
iteration. Integration of the stress equilibrium condition 74 = 75 inherent in Eq. 69
requires strain rate sensitivity m be constant, independent of structural changes, an

assumption maintained throughout herein.
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Let (ng, 1y, 78 ) be constants for the parent structure whereby order parameter £ = 0,

let (ny, v1,73) be those for the transformed structure at £ = 1, and take

n€)=1—-no+&m, v(&)=01—-Yr+E&n, () =1 - +&.
(78)

Instead of Eq. 51, a more general composite flow stress is

7(7, %, 0, X0, Po) = go(po)Xxo(1 — and)(1 + ’Y/’Vo(f))n(g)(9/90)V(£)(’7/’70)m-
(79)

The approximation of Eq. 52 could be applied with the same generalization. The
transition model of Section 3.2 still holds, but now Eq. 56 must be solved iteratively
for £(y) € (0, 1), with the closed-form solution of ¢ following Eq. 57 no longer
applicable at £ > 0. Instead,

BrE ~ goxo(1 — a)[1 + v/ Q1) /60]"© (7 /50) S
+ (Ar/07)(0(v) — Or) — p(1 = Er(y) — Co.  (80)

Using numerical techniques, the first-order approximation Eq. 55 for 6(7) is also
eschewed here and in later calculations. Instead, the energy balance in the last
of Eq. 45 is integrated numerically, specifically in Sections 5.3 and 5.4 using an

explicit-implicit predictor—corrector method, for 6():

6= 60+ (Bo/cv) / L (1) / lor + Bt — (\r/6r)0)(dE/d4)d.

7

(81)

If v is not constant as in Egs. 62, 63, and 66, then Eq. 81 becomes mandatory. Rela-
tions for Cj in Eq. 58, ar in Eq. 59, A*G in Eq. 61, and (71, 72, 77) in Eq. 60 remain
valid. The linearized transition model in Eqs. 64—68 could still be applied verbatim
if it is used for analytical solutions and limit analysis. However, that simple lin-
earized transition model is neither needed nor used for obtaining the numerical

solutions reported in Sections 5.3 and 5.4.

Note 7 and o depend implicitly on 6(%) and £(7) on the right side of Eq. 81, and
approximation Eq. 52 is used in Eq. 81 for rate dependence of 7 for calculations in

which strain-rate field §(Y, t) is unknown. Given Eq. 81, the average stress-strain
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response is approximated from Eq. 75 for ¢ < ¢.. This obviates the need for nu-
merical differentiation of (Y, t) to obtain a local 4 field prone to inaccuracy as the
localization threshold is approached. Integrated equilibrium conditions in Eqgs. 69
and 70 still hold with n, v, and v, dependent on £(+y). Solution for the localization
integral on the right of Eq. 70 as yg — oo and critical strain y4.(Y) ateach Y # Yp
is follows the same procedure of Section 4.2, but numerical integration is more in-
volved. Average strain at localization 7, again follows from inserting y4.(Y") into
Eq. 74 and excluding singular point(s) Y5 where g — co.

Now invoke, for illustrative purposes, Eqs. 64—68 for £(7y). First consider Eq. 64.
Here, since £ = 1 as 7 — oo, limiting behavior at localization is dominated by the
product phase. Since transformation is complete at some 2 < 00, the localization
analysis can be recast as a new problem with £ = 1 at v = 7, as initial conditions.

Thus, Eqgs. 72 and 73 apply with n, v constants of the pure product phase:
vi+n1+ (1—v)m <0, [transformation complete at finite 7 = 5]  (82)

For the second of Eq. 68, Eq. 73 applies trivially with (n,v) — (ny, v1), matching
Eq. 82. On the other hand, for the first special case in Eq. 68, Eq. 73 holds trivially

with n, v constants of the pure parent phase:
vo+no+ (1 —1vp)m <0, [transformation never occurs; y; — 0o].  (83)

For the first and second limiting cases of Eq. 68, analytical solution Eq. 76 still
applies with (n, v) replaced by (ng, 14) in the first case and (n;, ;) in the second.
In the third case of Eq. 68, L., localization with Eq. 79 seems affected by all of
(no, 19, 1, 1), but neither an inequality analogous to those in Eqs. 82 and 83 nor a
solution like Eq. 76 can be analytically derived. If phases have different n and v as in
Eqgs. 78 and 79, steps that favor transition to phase j with largest v; +n;+ (1 —v;)m

seem prudent for shear band mitigation.

Assertions in Eqgs. 73, 82, and 83 also appear to hold regardless of whether linear
interpolation in Eq. 64 is invoked. The estimate of Eq. 64 is determined, by compar-
ison with numerical solutions of Eq. 80, to be of questionably accuracy for certain
phase transitions in Fe and steel in Section 5.3. If Egs. 80 and 81 are used instead—
as in all numerical solutions of Section 5 regardless of whether n and v depend on

&—then changes in 1, #, and 7 from evolution of £ will cease at v = ~; € [0, 00)
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when transformation is complete or stuck. Then, with this frozen state as new initial
conditions, the localization integrand reduces to I/, ~ ¢ with ¢ of the same form

as in Eq. 73.

5. Application to Ferrous Metals

Section 5 is focused on Fe and a Ni-Cr steel, with £ an order parameter measuring
the extent of @« — € or a — ~y transformation. The former is favored at high
pressure, the latter at high temperature. Each material is fully BCC in the ambient
state: &g = 0 at 6y = 300 K, po = 0, and Hy = 0. The model and analysis in
Sections 2—4 can be readily adapted to other structural transitions for which the
material remains viscoplastic as £ : 0 — 1. Examples include DRX or deformation
twinning, where recrystallized or twinned microstructures are viscoplastic but of
different strength than the parent. Aspects of DRX and deformation twinning for
a — e transformations'® are embedded implicitly in the Gibbs free energy and
kinetic law of the present structural transformation model, but no distinct order
parameters are introduced in the present work for DRX (e.g., grain size) or twinning

(e.g., twinned volume fractions).

The framework may be extended later to solid — liquid transitions (i.e., melt-

ing36,37) and damage like fraCtureG4,65,l3l—l33 131,134,135

or other softening mechanisms.
In these cases, transformed material is a viscous liquid or otherwise degraded sub-
stance with different deformation kinetics, so the treatment would need major adap-
tations. Cracks, voids, and cavitation are more likely if applied pressure is tensile

versus compressive.*?

5.1 Phase Transformation Model for Iron and Steel

The o — € and o — ~y transitions are modeled herein. Reverse transitions € —
and 7 — « are not addressed, nor are high pressure-temperature € <> -y transfor-
mations. Phase diagrams for pure Fe in the absence of external magnetic fields are
widely available.>>!3 The a-v-¢ triple point temperature and pressure are around
f6r = 800 K and pr = 11 GPa. The transformation pressure at §, = 300 K is
pro = 13 GPa.'"""¥7 Transformation volumes &5 for & — € and o — 7 are also
known.'¥” The zero-pressure o — ¢ phase boundary point is around 1200 K.>-36-37
Herein, pressure is relative to ambient space: p = 0 corresponds to absolute exter-

nal pressure of 1 atm. Using this information, at null shear stress and null external
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magnetic field, Ay and ¢y for « — € and o — ~ transitions are obtained from

9,11,35

equilibrium conditions implied in Eq. 54:

~A*G — ap = 0. (84)

In the present theory, ar = 0 when 7 = 0 and Hy = 0. Specific forms of Eq. 59

are, with p = py,

ar(p, H) = aHﬂoHopﬁ, (85)
T

Gop) = 1= 3 /A = 1 — exp [—uéimp/pm)]. (36)
Pro

Constants are &y and Vg . The phase diagram of Fe under a magnetic field of strength
fioHy ~ 2 T is reported by Curran.* At §r, the transformation pressure is reduced
by this field by around 1 GPa. The magnetic effect on kinetic barrier ax is reduced
as pressure decreases. This information furnishes the value of ay. At p = 0, the
transformation temperature increases by around 2 K per each T of external field

due to the rightmost term in Eq. 41.!1:34

The idealized phase diagram corresponding to the model is shown in Fig. 2a, in
the absence of shear stress. Data points marked by « are matched exactly. Phase
boundaries are depicted as linear in p-6 space, a reasonable approximation except
at high pressures due to nonlinear elastic effects entering the implicit relationship

between p and py = J¥p. Parameters are listed in Table 1.
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(b) @ — € transformation shear

Fig. 2 Phase transformation model: (a) idealized pressure-temperature (p-¢) phase diagrams
for Fe and Ni-Cr steel at null shear stress (7 = 0), (b) effective & — ¢ transformation shear
35 for Fe and steel, external data inferred from static and shock compression data®”!%137 and
other theoretical studies.!””'3 Transformation pressure at null shear is pr (13 GPa, except Lew
et al.'?), and 75 = ~§ for p/pro < 0.
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Table 1 Properties or parameters (units) for polycrystalline Fe and Ni-Cr steel, , = 300 K

Parameter Definition Iron Steel Remarks (references)

po (g/cm?) ambient mass density (o phase) 7.87 7.84 Boettger,” Hauver’

By (GPa) isothermal bulk modulus 163 163 Guinan, *®Benck,'?® Hauver’
B (-) pressure derivative of bulk modulus 5.29 5.29 inferred for steel”-'38
u (GPa) elastic shear modulus (« phase) 83 80 Benck,3* Gandhi®
u'/p (1/GPa)  pressure dependence of shear modulus ~ 0.023 0.024 Guinan,"*® Gandhi®

cv (MPa/K) specific heat at constant volume 3.54 3.48 Andrews, 3 Borvik'4?

63 (-) transition volume change: o — ¢ -0.0512 -0.0512 from o, € densities’
transition volume change: oz — -0.0316 -0.0316 from «, v densities'?’

75 () transition shear at p = 0: o — € 0.5 0.3 model fit and Sadjadpour!®
transition shear at p = 0: av — 7y -0.1 0.1 assumed®>14!

zxg ) shear-pressure coupling: o — € 2.56 2.56 model fit and Sadjadpour!®
shear-pressure coupling: o« — 0.0 0.0 assumed (no data)

pro (GPa) transition pressure at fy: o — ¢ 13.0 13.0 Mao,"*” Duvall,'® Hauver’

pr (GPa) triple point pressure 11.0 11.0 a-7-€ triple point>36-37
O7 (K) triple point temperature 800 600 a-7-€ triple point>36-37
Orr (K) melt temperature at p = 0 1811 1783 Hanim,'*> Meyer'+3

1o (MPa) free energy offset: o — € 531 531 fit to p-0 phase diagram

free energy offset: o — ~y 328 328 fit to p-0 phase diagram

Ar (MPa) latent heat: o« — ¢ 147 183 fit to p-0 phase diagram

latent heat: o« — 657 492 fit to p-0 phase diagram
floMg (T) saturation magnetization (« phase) 2.15 2.15 fioHo 2 0.05 T, Daniel'*
ayg (MPa/T) magnetic transition barrier: o — € -25.0 -25.0 model fit to Curran®
magnetic transition barrier: o — y -16.1 -16.1 model fit to Curran*

Bro (MPa) controls phase transition width 90.5 90.5 a < v; Boettger,” Clayton'!3
ag (-) permitsé > 0if ozo'yg <0:a—e 4 12 calibrated; ag = 1 for oo — 7y
cr (-) x-¢ interaction energy: o — € 6 15 calibrated; ¢, — oo for a — 7y
Bo () Taylor—Quinney factor 0.6 0.8 approximated'>!44

go (MPa) initial ambient yield strength (o phase) 167 693 at pg = 0!318:139.143
Y () reference plastic strain 0.01 0.01  convenient for steel, Molinari**~°
o (1/s) reference plastic strain rate 1.0 1.0 standard, Meyer,'** Gray!'?’
ag (-) flow strength reduction: o — ¢ -1.55 -1.55 ag < 0: hardening, Gandhi®
flow strength reduction: o« — ~y 0.50 0.50 TRIP steels'0%141:145
n(-) strain hardening exponent 0.09 0.05 n > 0: hardening!®12%143
m () strain rate sensitivity exponent 0.089 0.065 m > 0: hardening'123-143
v(-) thermal softening exponent -1.6 -0.33 v < 0: softening!®123:143
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The effective transformation shear strain entering the transition kinetic model of
Eqgs. 54-60 is ig . In austenitic steels, the v — « transformation is promoted by

108,141

shear stress, implying 35 < 0 for o« — ~ transitions.**” In the absence of ex-

perimental and theoretical evidence of coupling of pressure to transformation shear
strain for v <+ +y transitions, z/g = 01s assumed. On the other hand, the o — ¢ trans-
formation shear appears to depend on pressure. As p increases, the shear driving
force should decrease, since transformation pressures in Fe are similar under hydro-
static compression (near-zero shear stress depending on the experimental medium)
and shock compression (shear stress on the order of the yield stress).'®!! The adia-
batic temperature rise, ~ 50 K at 13 GPa shock pressure, would further reduce the
transition pressure under shock conditions, so it does not offset any presumed shear
driving force. At much lower pressures, shear-dominant experiments suggest, but
do not prove, a shear-assisted o — ¢ transition in pure Fe. A continuum theory'®
uses a transformation shear strain of 0.5 in the absence of pressure to model these
experiments. Theoretical calculations with DFT and nonlinear elastic, anisotropic

16,17

laminate theory show a reduction in transition pressure with increasing shear

strain in pure Fe, beginning from a single crystal of the BCC phase.

At constant temperature § = 6, and null magnetic field, Eq. 84 produces the fol-

lowing conditions,'* recalling o, = 7/J¥ and p = p/J¥ are Cauchy stresses:

[p(T,60) — pT0]5§ = ngﬁg = ié = [p(7,00) — pTo](Sg/ny- (87)
Here p(7,0) is transition pressure at shear stress 7 = JEaxy; Pro 18 transition

pressure at § = 6y and 7 = 0,,, = 0: 13 GPa in experiments.'?’ Since 58 < 0 for

a — €, transition pressure is reduced by 7 > 0 for ﬁg > 0.

Using the second of Eq. 85 with Eq. 87, 75 and Vg are fit to the data in Fig. 2b; the
former exactly matches the value from Sadjadpour et al.'® for p < 0. This procedure
requires transformation pressure p as a function of o,,. Data points in Fig. 2b are
inferred from shock experiments on Fe and Ni-Cr steel”-!? using the relation!46-148
P=p+ %Uy, where P is Hugoniot stress and oy is approximated as half the static
Von Mises yield stress,” so Opy R 20y / v/3. In both materials, P ~ 13 GPa, while
oy ~ 300 MPa for Fe and oy ~ 500 MPa for Ni-Cr steel.”!!!3%143 The value of p
so obtained under shock conditions is corrected for the latent heat to its value at 6,

using a 50 K adiabatic temperature rise at P = 13 GPa.'! Data points inferred from
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Lew et al.'”

convert applied strain component €,,, to shear stress via 0., ~ 2Go€,y,
where G is the zero-pressure shear modulus from DFT results in that reference.
A normalization pressure of prg = 30 GPa is extrapolated for fitting to that data'’

since transformation pressure is elevated in the absence of plasticity and defects.'*

The high-strength steel studied here has thermodynamic properties based on ex-
perimental studies®”-%3713% at the US Army Ballistic Research Laboratory in the
1970s—1980s. The «, €, and v phases are BCC, HCP, and FCC, like pure iron. At
ambient conditions p = 0 and 6, = 300 K, material is entirely in its « phase,
mostly bainite with some martensite. Since the shock Hugoniot and inferred transi-
tion pressure prg of this steel and Fe are very similar,®” subtle differences in By, By,
and 5§ due to composition and processing are suitably ignored within the fidelity
of the analysis. Chemistry includes 0.22 wt.% C, 1.06 wt.% Cr, and 3.15 wt.% Ni,
among other trace elements, leading to a drop in the oy phase boundary by around
200 K relative to iron.>®3” Parameters Ay and v are thus computed using Eq. 84;

the phase diagram in Fig. 2a results.

Effects of magnetic field and shear on transition kinetics have not been quantified

experimentally for the Ni-Cr steel. Thus, the same procedure for Fe is used to cal-

culate avyy with a 1 GPa offset from a 2 T field at p = 11 GPa. The same value of
£

v 1s assumed for steel as Fe in the absence of data. The value of 75 for steel is %

that of Fe in Fig. 2b and Table 1 to predict similar v, thresholds in Section 5.3.

For phase transitions to be possible according to Eqgs. 56 or 80, the denominator
in the fractional expression of Eq. 57 must be positive at v = ;. If Eq. 56 is
used in conjunction with the more accurate Eq. 81 instead of Eq. 55, then a similar
requirement holds. If |;ur| is small and o7 < 0, then 3z must be large enough to
ensure phase transitions are admissible over a finite strain interval v7. In the absence
of shear (i.e., ¥ — 0), when transition is purely pressure-driven, then Sr — B,
where [r gives the o — ¢ transition width under hydrostatic compression.”!!:14
The following function fulfills the stated requirements, where ag > 1 is a constant

and here p = pg:

Pr = Pro{l + (as = )[{1 = (p/pr)H(p/pr) {1 = H(p/pr — 1)}]}.  (88)

The value of ag for v — € transitions in Fe and steel is chosen such that the denom-

inator of Eq. 58 is comparable to 8o at v = 0. For o« — + transitions, ag = 1 is
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sufficient, giving simply Sr = Bgg.

In the absence of external pressure or magnetic field, « — ¢ transitions in Fe and Ni-
Cr steel do not occur according to model predictions at ¥ = 10%/s when dislocation-
structure interaction force OR/9J¢ > 0 in the second of Eq. 55. Driving force from
shear stress 7 is insufficient to overcome thermodynamic barriers from Ay > 0

518 infer « — €

and 1)y > 0 in Egs. 56 and 80. Since experiments and models
transformation is possible under shear-dominant conditions, a nontrivial interaction
function 7 () < 0 is merited. Satisfying requirement (0) = 0 and lim,_,o. r(y) =

constant, let

r(y) = sech[y/(c:5)] — 1

= R(X(7,x0),€) = R(7,x0) + p{sechly/(c:n§)] — 13(1 — £/2)¢,  (89)
dr/dy = {=1/(c§) Hsech[y/(c§)ltanh[y/ (c,76)]}

= (dr/dy),=0 = (dr/dy)y500 = 0. (90)

Dimensionless constant ¢, is chosen such that & — € transitions begin at strain
magnitudes comparable to those inferred from experiments and other models for
iron at similar rates.'>'8 For ¢,7§ > 0 and v > 0, dr/dy < 0 produces an in-
crease in free energy release rate —[(OR/dx)x + (OR/€)E] entering Eqgs. 19 and
20. The contribution proportional to ¢ is embedded in the —A*G - £ terms. An in-
crease in temperature rate would result from such energy release associated with
phase changes and exothermic DRX, raising the apparent Taylor—Quinney factor in

agreement with experiments. !>

The energy released in conjunction with the v — € transition could be attributed to

changes in microscopic interfacial energy with structural rearrangements,!%8:117:150

X228 and deformation

dislocation-grain boundary interactions in rotational DR
twinning.'>? A more detailed model of such physics at the grain- and subgrain-
scales is beyond the present scope. For &« — ~, adiabatic temperature rise from
Bo7 is sufficient to enable transitions with » = 0. Thus, ¢, — oo for a — 7

transitions.
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5.2 Viscoplastic Properties for Iron and Steel

Recall from Eqs. 46-51 that the static flow stress is the product of three functions,
namely, g(v, 0, &; po, Xo) = 9y (&; po)h(7; X0)A(6), where h, A, and X are the strain
hardening function, thermal softening function, and initial defect parameter. Flow
stress coefficient gy = go(1 — ap€) entering Eq. 49 is assigned a linear dependence
on Cauchy pressure p = py through the pressure derivative of the elastic shear

modulus z/%>%3:

go(po) = [1+ (¢'/1)polg0(0). 1)

The bottom eight entries in Table 1 comprise viscoplastic property values for iron
and Ni-Cr steel. Normalizing parameters 7, and 7, are typical values for conve-
nience. Initial yield gg, strain hardening n, thermal softening v, and rate sensitivity
m are matched to fits of experimental data reported in other works on Fe and high-

strength stee], !>-18:125.139,143

Noting that Taylor—Quinney factor S demonstrates dependence on material history

and loading rate,!>9311%-151 15,144

approximate averages of (3, are estimated from data
on Fe and low-C steels of similar strength to the present BCC alloy. The prescribed
value of /3, for Fe approximates that measured at high rates 7 ~ 10%/s but lower
strains (e.g., v < 0.2), prior to potential phase transitions or DRX that seem to raise

the apparent Taylor-Quinney factor.!>!3

Calibrated results are shown in Fig. 3, where experimental data pertain to the «
phase. Strain hardening and thermal softening are fit well by the present model,
for BCC iron and steel. Rate sensitivity is well fit for steel, and for a-Fe at § <
10%/s if m = 0.001 is prescribed. Experiments'> suggest rate sensitivity increases
at higher loading rates. This behavior cannot be matched by any viscoplastic model
like Eq. 46 with a single value of m. Taking m = 0.089 as in Table 1 fits the
flow stress at 10%/s. Data for steel'?>!** also show an increase in rate sensitivity for
rates up to 7 x 10%/s. While a value of m = 0.004 is suggested to encompass low-

143

rate data,'? setting m = 0.065 matches the experimental calibration'* to high-rate

data'® exactly at ¥ = 10%/s.
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Fig. 3 Viscoplastic model and experimental data fits'®!43 for p, = 0, £ = 0, xo = 1: (a) static
flow stress 7 — gy h/\ at 6y = 300 K and 5 = ~, (b) thermal softening factor \ = 7/(gy h) at
v=0andy =+

Parameter oy = 1 — g1 /go relates ambient yield strength g; of the product (v or
€) to gy of the parent («)) phase. Flow stress data on transformed phases of Fe and
this Ni-Cr steel are scarce, if not nonexistent. Experiments cannot be performed
at ambient conditions to obtain g; since 7y is stable only at very high 6 and re-
verts to o upon cooling to room temperature, and ¢ is stable only at very high p
and reverts to a upon depressurization to atmospheric pressure. Data on austenitic
transformation-induced plasticity (TRIP) steels, whose v and « phases are stable at
lower temperatures, usually show strengthening with the v — « martensitic trans-
formation.!%141.195 Softening for « — + has been speculated elsewhere for this
steel, 37 with further decreases in flow stress possible due to break-up of ferro-
magnetic domains. Representative value oy = 0.5 is prescribed for o — 7y of both

materials.

Regarding the € phase, recent dynamic pressure-shear plate impact experiments and
computational modeling probe the shear strength of Fe at % ~ 105/s and p € [10, 42]
GPa. In most experiments, pressures are high enough to completely transform the
sample to its € phase. Assuming m is the same in each phase and correcting for
pressure dependence via Eq. 91, ¢g;/go & 2.55 is extracted, leading to ag = —1.55
(i.e., transformation strengthening). Since rate sensitivity is omitted in the calcu-
lations of Gandhi et al.*> and the experiments cover only a single strain rate and
single starting temperature, parameters m, n, and v cannot be determined uniquely.

However, values of n and v can be calibrated to match inferred strain hardening and
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1.25

thermal softening of e-Fe as modeled by Gandhi et al. Results are shown in Fig. 4;

Yo is adjusted to 0.5 to fit the high hardening rate.

1.00 1.1
®  c-Fe exp inferred [Gandhi] ®  c-Fe exp inferred [Gandhi]
= ¢-Fe this work g =n = 0.5 = ¢Fe this work v = —0.27
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(a) strain hardening (b) thermal softening

Fig. 4 Viscoplastic model and inferred fits from pressure-shear impact experiments® for ¢-Fe:
(a) flow stress 7 — gy h/X at 6y = 300 K and § = 7, (b) thermal softening A\ = 7/(gy h) at
v=0and ¥y =+

Localization criteria in Eq. 73 are evaluated for a-Fe (specifically Eq. 83), e-Fe
(specifically Eq. 82), and Ni-Cr steel in Table 2. Experimental flow stress informa-
tion for e-steel is not available; parameters n, v, and m are assigned as constants
to match the experimental fits in Fig. 3. Accordingly, L., localization is predicted
for a-steel. For a-Fe, since the assumption of constant m breaks down at very high

.18 are used to

strain rates, minimum and maximum values from Sadjadpour et a
establish bounds on the L., criterion. Even when a very high rate sensitivity of
m = 0.385 is assumed, localization is predicted for a-Fe because of its pronounced
thermal softening. Both v and m are considered uncertain for e-Fe, given the limited
domain of initial conditions probed experimentally.>> Bounds in Table 2 consider
the same wide range of m as for a-Fe and use the value of v either of a-Fe or from
Fig. 4b. Localization is impeded by the high strain hardening exponent n, but it is
still possible when the minimum value of ¥ = —1.6 is used. Regardless of which
value is used for m, L, localization is predicted to be impossible in e-Fe when the

larger value of v = —0.27 is used.

The analysis of Section 4.1 with results in Table 2 suggests that the possibility
for adiabatic shear localization, but not necessarily the critical average strain 7, as
shown in numerical results of Section 5.4, should be reduced if the oo — ¢ transfor-

mation occurs. This prediction concurs with dynamic experiments on Fe at low and
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high pressure in which o¢ — € transformation was either inferred or measured'>:!%-23

but no shear localization occurred. No evidence of & — ¢ transformation was re-
ported from other torsion experiments on Fe and a similar high-strength BCC steel
at modestly lower strain rates in which shear bands did arise.>*3! Since n, v, and
m are unknown for y-Fe and ~-steel, the L., criterion cannot be evaluated for
these isolated high-temperature phases. However, dynamic experiments on other

192024 indicated @ — v occurred within adiabatic shear bands, albeit with

steels
reversion to other structures upon cooling. Since no evidence exists for a higher
hardening rate or less thermal softening in the -y phase relative to the o phase, it is

concluded here that L, localization should be possible in y-Fe and -steel.

Table 2 Bounds on localization parameters and criteria for «- and e-iron and a-Ni-Cr steel

Material n v m v+n+(1—v)m L localization
a-Fe 0.09 -1.6 [8 x 107°,0.385] [-1.51,-0.51] yes

e-Fe 0.5 [-1.6,-0.27] [8 x 107°,0.385] [-1.10, 0.72] maybe
Ni-Cr steel ~ 0.05 -0.33 [4 x 10~3,0.065] [-0.27,-0.19] yes

5.3 Homogeneous Solutions

For xo = 1 and dxo = 0 everywhere in the slab, fields (Y, t), 0(Y,t), and £(Y, ?)
become independent of Y. Strain rate is constant everywhere: ¥ = 4 = vg/hy.
Shear strain is simply v = 7y = 7t.

Prescribed now are initial conditions £, = 0; #y = 300 K; po = 0,5, or 10 GPa;
and figHy = 0,1, or 2 T. The applied strain rate is ¥ = 10%/s, that most suitable
for calibrated properties of Table 1. Responses for Fe and steel are obtained using
analytical-numerical methods of Sections 4.2 and 4.3. Different parameter sets from

Table 1 approriate to @ — € or v — -y transformations are used.

Results pertaining to phase transitions—pressure, magnetic field, initiation shear
strain, initiation shear stress, initiation temperature, and completion shear strain—
are listed in Table 3. Initiation strain ; and completion strain 7, are always reduced
with increasing pressure. Magnetic fields also decrement ; and . These behav-
iors are physically expected given the phase diagrams in Fig. 2a and underlying
experimental data. Temperature ¢, decreases as ~; decreases with lower cumulative
plastic work, while 7; can conceivably increase or decrease with ~; depending on

the competition between strain hardening and thermal softening. Pressure p, tends
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to increase 7 via Eq. 91 before and after transformation initiation.

Table 3 Transition initiation shear strain v, stress 71, and temperature 6,, and transition
completion strain -, for iron and high-strength Ni-Cr steel at strain rate ¥ = 10*/s, pressure
po, and magnetic field H

Material Transition py (GPa) [gH( (T) Y1 71 (GPa) 6, (K) Y2

Fe o —e€ 0 0 0.292 0.465 322 7.34
5 0 0.245 0.510 321 4.05

10 0 0.145 0.560 314 1.91

10 1 0.129 0.562 312 1.77

10 2 0.110 0.559 310 1.61

oy 0 0 34.38 0.085 1210 7231

5 0 20.76 0.117 1027  45.16

10 0 11.97 0.165 855  27.24

10 1 11.43 0.169 840  26.34

10 2 10.91 0.173 824 2547

Steel oa—e€ 0 0 0.305 1.370 396  4.707
5 0 0.296 1.524 404 2985

10 0 0.156 1.697 360 0.574

10 1 0.125 1.703 348  0.467

10 2 0.086 1.699 333 0.357

o=y 0 0 2.98 1.080 1131 4.63

5 0 2.09 1.250 964 3.27

10 0 1.41 1.440 810 2.24

10 1 1.37 1.447 795 2.19

10 2 1.32 1.456 781 2.15

Because the Ni-Cr steel is plastically stiffer than pure Fe, 7 is larger in steel relative
to iron at the same -, so its adiabatic temperature rise due to plastic working tends
to be more rapid. Thus, the temperature-induced o — -y transformation commences
at lower 1, also because the a-vy phase boundary is lower by some 200 K in steel
versus Fe in Fig. 2a.337 For both Fe and steel, the o — v transformation is pre-
dicted to occur at strain ; of one to two orders of magnitude larger than its o« — €
counterpart. However, model parameters, especially those entering Egs. 88 and 89,
are highly uncertain for &« — € transitions under dominant shear, as experiments
have inferred but not proven that it occurs.'>!® So any conjecture that o — € is
favored over v — + in these materials under dynamic shear from initially ambient
conditions is speculative. Were elastic strains to be included, ~; and - could be
expected to increase by % to 1%% given p in Table 1 and magnitudes of 7 at yield.

Similarly small increases would be anticipated for results in Section 5.4.

Predicted strain histories of &, 7, and 6 are shown in Fig. 5 for iron undergoing

the @« — ¢ transformation and in Fig. 6 for Ni-Cr steel undergoing the o — ~
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transformation. Trends in Fig. 5 are similar for Ni-Cr steel undergoing o — ¢
transition (not shown); trends in Fig. 6 are similar for Fe undergoing o — = (not
shown). In all cases, £ > 0 at some threshold 7;, beyond which £ — 1, increasing

monotonically with 7.
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Fig. 5 Predictions for iron with o — ¢ transformation, homogeneous straining at ¥ = 10%/s,
variable external pressure p, and magnetic field H: (a) order parameter £ denoting volume
fraction of ¢ phase, (b) shear stress 7 for nominal material parameters in Table 1, (c) shear
stress 7 for special cases of null transformation (¢ = 0), null transformation hardening (og =
0), and phase-dependent strain hardening and thermal softening parameters n(¢) and v (),
(d) temperature ¢
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Fig. 6 Predictions for Ni-Cr steel with o« — ~ transformation, homogeneous straining at 4 =
10%/s, variable external pressure p, and magnetic field H,: (a) order parameter ¢ denoting
volume fraction of v phase, (b) shear stress 7 for nominal material parameters in Table 1, (c)
shear stress 7 for special cases of null transformation (£ = 0) and null transformation softening

(ap = 0), (d) temperature 0
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For the o — € transformation in Fig. 5b, since the € phase is modeled via oy < 0 as
having higher strength than the o phase,? 7 increases with increasing &, but ther-
mal softening reduces 7 at large ~y. For the special case of n(£) and v(£) shown
in Fig. 5c, whereby a speculative high strain hardening rate and low thermal soft-
ening rate of e-Fe are implemented (Fig. 4 and underlying data®), 7 continuously
increases with v > v, leading to a stable material response and precluding possible
L, localization, in concurrence with Table 2 and discussed more in Section 5.4. For
v <10, 8 < 1200 K for cases in Fig. 5d, so the e — -y transition, excluded a priori
from the current modeling, appears unlikely at py = 0. At the highest p, considered,
10 GPa, 67 = 800 K is approached or exceeded, so ¢ — ~ transformation might
be possible, but it could equally likely be inhibited by shear (i.e., yg < 0) like the

« — 7y transition.

For the o — v phase transformation in Fig. 6b, 7 decreases with increasing £ since
the austenitic phase is presumed softer than the starting martensitic-bainitic BCC

phase, %%’

as modulated by oy > 0. The effect is clear in Fig. 6¢, whereby when
g = 0 or transition is suppressed, strain softening is more gradual. Transition com-
mences at lower «y under finite pressure since the slope of the a-y phase boundary is
negative in Fig. 2a. Once transformation initiates, the rate of temperature increase
with strain in Fig. 6d decreases due to the drop in shear stress and reduced rate of

plastic work.

Transformation widths vy = 2 — ~; are within an order of magnitude in Figs. 5a
and 6a, namely, 0.8 < vp < 8, if threshold £ = 0.99 is used to define 7, for a — €
transitions as has been done for results in Table 3. The linear interpolation in Eq. 64
appears reasonably realistic for & — ~ transitions in Fig. 6a but less so for « — ¢
transitions in Fig. 5a. The latter complete relatively slowly versus v due to ag > 1
and |r(y)| > 0 in Eqs. 88 and 89.

5.4 Localization Predictions

Localization is predicted numerically using methods outlined in Sections 4.1-4.3.
Results are calculated for the two material and structural transformation combina-
tions for which more prior evidence exists and constitutive parameters in Table 1

are most certain: o« — ¢ in iron in shear'>!®

and o« — +y in various high-strength
steels in shear.!?293%37 These are the combinations for which homogeneous solu-

tions have been presented in Fig. 5 for Fe and Fig. 6 for steel. The @ — -~y transition
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in Fe requires extreme shear deformation according to y; > 10 for all loading con-
ditions and special cases in Table 3. The a — ¢ transition has not been reported
in any low-pressure experiments on Ni-Cr steel, though it is theoretically possible
according to results in Table 3, albeit obtained using several parameters borrowed

from Fe in the absence of experimental data on this particular steel.

As discussed in Section 4.2, initial strength defects quantified by perturbation dis-
tribution dyo(Y") are used to instigate localization. Otherwise, if material properties
and initial conditions are perfectly homogeneous, the homogeneous solution is the
unique solution for the given boundary conditions, even if the stress-strain response
is unstable. Recall  is the initial coordinate at ¢ = 0% after application of py but
before shearing deformation (¢). With the height of the slab in Fig. 1 denoted by
hg, define the dimensionless coordinate ¢ with origin at the midpoint of the slab and

introduce the defect distribution of strength €, and relative width w5
) e
5X0(y(Y)) =€ CXp| — w2 |’ [0 <wp < ]-a €0 > O],
0
5 2. ho 2 E 1 ho
YV)=—|9(Y)—- =] =—|(J By — 2| el-1,1
i) = i) - | = 2 [y - | e -1l
I 2
OXo = —/ Oxody = ﬁeowo erf | — | ~ 0.4431 €ywy. (92)

Value wy = 1 yields nonnegligible dx, over the full slab; see Fig. 7a for dx( versus
€o and wy. According to Section 4.2, the critical average strain at the onset of L.,
localization, 7., is calculated via Eq. 74, where v(Y) — 7.(Y") in the integrand is
the local strain at any point Y # Yp as y(Yp) — 00. Per Eq. 92, localization ensues
at the midpoint of the slab, namely, at § = %ho < y = 0. To obtain numerical so-
lutions, strain and space domains are discretized into dimensionless increments d~y
and dg. Setting dv,dj < 10~ is found small enough that 7, is independent of grid
size. Outcomes of the calculation for iron and steel at null pressure and magnetic
field (i.e., po = 0, Hy = 0) with all material properties from Table 1 are shown
in Fig. 7b for different choices of ¢, and wy. In each case, 7. decreases with in-
creasing €, and decreasing wy. The former trend, with near power-law dependence,
agrees with results of Molinari and Clifton*>* on two other, presumably nontrans-
forming, steels. The latter trend implies that a more localized defect distribution is
more detrimental than a diffuse one, even though d Y increases with increasing wy

at fixed €.
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Fig. 7 Strength defects: (a) initial centered defect distributions (i.e., perturbation fields in initial
strength x((7) = 1 — dxo(%)) for magnitude and width parameters ¢, and w, (b) effect of ¢
and w, on critical average localization strain 7. for iron and steel at 7 = 10%/s, py = 0, and
Hy = 0. Normalized coordinate spanning the slabis § € [—1, 1].

In obtaining results that follow in the remainder of Section 5.4, fixed values ¢, =
0.01 and wy = 0.5 are used. Initial strength is reduced by 1% at the location of
eventual localization: yo(Y) € [0.99,1]. These choices produce 7. on the order
of 1.5 in each material, values that are comparable to applied shears (i.e., twice
the symmetric strain tensor component) reported in dynamic torsion experiments
on iron and a similar high-strength steel.>>*! Subsequent calculations consider the
same range of initial pressure py = 0, 5, or 10 GPa and magnetic field jicHy = 0, 1,
or 2 T as in Section 5.3, as well as an additional condition of a higher 5-T magnetic
field. The applied strain rate is ¥ = vy /hg = 10%/s.

Several special cases are examined at null external pressure and null magnetic field.
Special case o gives equal initial yield strength in parent and transformed phases,
where nominally oy < 0 for e-Fe (i.e., transformation hardening) and nominally
ap > 0 for v-steel (i.e., transformation softening). Special case ¢ = 0 disables
phase transitions entirely. Finally, special case labeled as n(&), v(&) applies Eq. 78
for &« — € in iron, producing much higher strain hardening and reduced thermal
softening for e-Fe as in Fig. 4. Recall these e-Fe strength parameters are nonunique
since they are obtained from calibrations?> wherein rate dependence is omitted and

starting temperatures are the same in all dynamic high-pressure shear experiments.

Table 4 lists average critical strain 7, corresponding average temperature d,, and

average transformed volume fraction &, for all loading conditions and special cases.
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Table 4 Average critical shear strain 7., temperature 0., transformed volume fraction Ec, and
stress 7. just prior to ¢t — ¢. at onset of adiabatic shear localization. Results for iron with o — ¢
transition enabled and Ni-Cr steel with & — ~ transition enabled, at applied average strain
rate 7 = 10%/s, pressure p,, and magnetic field /. Initial defect distribution is ¢, = 0.01 and
wo = 0.05 giving 5o = 2.2 x 102, Nominal parameters from Table 1; see text for explanation
of special cases.

Material  po (GPa) jioHy (T) e 0, (K) & 7. (GPa) Special case

Fe 0 0 1497 494 0924  0.644
(@ — € 5 0 1552 544 0946  0.625
10 0 1325 550 0973  0.677
10 1 1274 543 0974  0.691
10 2 1221 535 0976  0.705
10 5 1038 509 0984  0.756 .
0 0 1226 403 0827  0.354 ap =0
0 0 1544 406 0.000  0.362 £€=0
0 0 5350*  1811*  1.000 2030  n(¢),v(E)
Steel 0 0 1.600 767  0.0105  1.187
(a—7) 5 0 1279 719 00131  1.343
10 0 0990 661 00167 1510
10 1 0972 655 00174 1513
10 2 0954 648 00181 1516
10 5 0.897 628  0.0204  1.527 .
0 0 2668 994  0.1686  1.099 ap =0
0 0 2255 930  0.0000  1.129 €=

*melt onset

Critical average temperature and order parameter are obtained analogously to Eq. 74:

_ 1 ffo 1

0. = — 0.(9)dy = - / 0.(7)dy, (93)
ho Jo 2),

_ 1 flo

gc - 7 gc(y)dy =3 gc(y)dya (94)

where 6. and &, are local values at the onset of shear localization and singular point
Ypat§ = tho <> § = 0 is excluded from the numerical integration.*-*° Values of
stress 7, are approximated using Eq. 75 at ¥ — 4., just prior to load collapse at the
instant of adiabatic shear localization, t — t..

First consider iron possibly undergoing the @ — ¢ transition. For standard prop-
erties (i.e., not special cases), critical average strain 7, increases as py increases
from O to 5 GPa then decreases as p, increases to 10 GPa. Critical average strain
further decreases with increasing magnetic field H,. Average transformed fraction

&, increases with po and H,. In all standard cases, & > 0.92 implying most of the
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domain has transformed when the localization threshold is reached. Critical aver-
age temperature 6, follows a similar trend to 7,. Stress 7, tends to increase as 7.
decreases since less overall thermal softening has occurred at the onset of localiza-
tion at lower applied strain. Dissipation from phase transformation tends to raise the
temperature and increase thermal softening, while increases in transformed fraction
tend to increase the yield strength for oy < 0. Thus, a competition exists among

mechanisms related to the phase transition that influence 7.

For the first special case with oy = 0, 74, is significantly reduced relative to the
standard case at null pressure and magnetic field, from 1.497 to 1.226. The stress at
localization is severely reduced, from 0.644 to 0.354 GPa. Thus, if transformation
hardening is omitted, shear localization is promoted. For the second special case
with £(t) = 0, 7. is slightly increased relative to the nominal case, to 1.544 from
1.497. Since dissipation from transformation does not arise or contribute in this

special case, thermal softening is postponed and localization occurs later in time.

For the final special case with n, v, and 7, dependent on the e-phase fraction, L,
localization is impossible. This is theoretically anticipated from Table 2 and con-
firmed numerically by a nonconverging localization integral on the right side of
Eq. 70 whose rate of increase gets larger as -y increases to extreme values. In this
case, n; = 0.5 and 1, = —0.27 are used in the calculation, with m = 0.089 regard-
less of phase. However, the temperature 6 at the Y -location where v = 74 reaches
the melt temperature 6,; at 4 = 5.35. This value is assigned as the critical strain
. in Table 4. At this strain, the material has completely transformed (€, — 1) and
stress is large, 7. > 2 GPa. The result shows that if hardening rate increases and
thermal softening decreases with o« — € transformation in Fe, the strain and time to

load collapse are substantially increased, as is the shear stress just prior to collapse.

Reported in Figs. 8a, 8b, and 8c are contours, for iron with possible & — ¢ trans-
formation, of local strain ., temperature 6., and order parameter &, at the onset of
adiabatic shear localization. From Eq. 92, these are symmetric about y = 0 and
span the height of the slab: § € [0, ho] <> § € [—1,1]. Shown in Fig. 8d is the
corresponding average stress-strain behavior estimated from Eq. 75 up to abrupt

49,50

load collapse at ¥ = 7.. Deviations in this idealized linear path from onset of

localization to a shear-stress free state are not modeled via the current approach.
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Fig. 8 Adiabatic shear localization predictions for iron with o — ¢ transformation, ¥ = 10%/s,
external pressure pg, and magnetic field H: (a) local shear strain ., (b) temperature 6., (c)
fraction of ¢ phase, (d) average shear stress 7 vs. average shear strain 7. Normalized coordinate
spanning the slab is § € [—1, 1]. Setting oy = 0 gives yield strength independent of &; in all
other cases, ¢-Fe is stiffer than o-Fe.
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From Fig. 8a, a more diffuse local strain 7, tends to increase the overall average
critical strain 74, in Table 4, thereby delaying load collapse. Apparent in Fig. 8b,
localization of 6. tends to correlate with ~.. In the special case ay = 0, the av-
erage temperature outside the shear band is around 150 K lower than that of the
nominal case. This is due to the reduction in plastic work in the absence of trans-
formation hardening when oy = 0, as well as the reduced dissipated energy from
less phase transformation. The latter point is quantified in Fig. 8c. Transformation
also increases with py and Hj as anticipated from results in Section 5.3. Average
shear stress-strain behavior in Fig. 8d highlights the earlier transformation harden-
ing with increasing py and H, generally leading to sooner attainment of peak stress,

subsequent thermal softening, and earlier stress collapse.

For 7 — 0 at ¥ > Ac, either ¥ — 0 or § — oo with v < 0 at the localization point
Y5, here at y = 0. If the strain rate remains finite, then melting would occur at this
singular location in the shear band, if not also elsewhere. Consider the molten mate-
rial hypothetically modeled as a viscous Newtonian fluid: 7(¥, 6) = 19(6/60)"5 /%0,
where 7y > 0 is a constant. If v < 0,7 — 0 1is possible as # — oo. However, per this
simple model, localization is impossible even upon melting via liberal extension of

L, criterion Eq. 73 with large m = 1 and n = 0, regardless of v.

Now consider the high-strength Ni-Cr steel potentially undergoing the o« — «y phase
transition. Average quantities at the localization threshold are listed in Table 4. The
special case n(€), v(£) cannot be addressed since strain hardening and thermal soft-
ening properties of y-phase are unknown for this material. For the nominal cases in
Table 4, critical average strain 7, decreases with increasing pressure p, and mag-
netic field H,. Commensurately, temperature §, decreases due to less plastic dissi-

pation, and 7, tends to increase since less thermal softening has ensued.

In contrast to pure Fe undergoing the @ — ¢ transformation, for this steel under-
going the & — ~y transition, the average transformed volume fraction is low at
localization: £, < 0.02. The local temperature and pressure are not high enough
outside the vicinity of the shear band to enable the v — « transformation before
load collapse. For the first special case with ay = 0, transformation softening upon
transition to the v phase is suppressed in the model. The average critical strain
increases from 1.600 to 2.668. Temperature 0, and order parameter £, increase si-

multaneously with the increase in plastic work. For the second special case with
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&(t) = 0, omission of the phase transition increases the average strain to 2.255 and

the temperature reached upon adiabatic shear localization.

Shown in Figs. 9a, 9b, and 9c are contours of ., 6., and &. at the onset of local-
ization in Ni-Cr steel undergoing possible &« — « phase transition. Average stress-
strain behavior up to load collapse at ¥ = 7, is predicted in Fig. 9d. From Fig. 9a,
the more diffuse the local strain 7., the larger the average critical strain 7, in Ta-
ble 4. This trend agrees with that of Fe in Fig. 8a. However, for Ni-Cr steel with
«a — 7y transition, the strain distribution is much more localized about the singular
point at y = 0 than predictions for Fe in Fig. 8a. The special case oy = 0 wit-
nesses the most strain diffusion, correlating with the latest onset of stress collapse.
Localization of 6. in Fig. 9b complements . in Fig. 9a. In the special case oy = 0,
average 6 far outside the shear band is about 100 K higher than the nominal case at
null pressure and magnetic field. This is due to the increase in plastic work in the
absence of transformation softening when o = 0, along with increased dissipation

from the phase transition more prominent for this special case in Fig. 9c.

As witnessed in Fig. 9c, the region where &, is nonnegligible is usually confined to
a small zone about the singular point at § = 0. In other words, the v — « trans-
formation in this steel occurs only in the highly strained, high-temperature region
in the immediate vicinity of the shear band, meaning localization tends to precede
transformation. Average shear stress-strain behavior in Fig. 9d is similar up to lo-
calization strain 7 = 7. since the average strain and temperature are insufficient to
induce the av — ~y transition in most of the slab, including the interrogated material
point Y where v = 7. Modest differences among curves at 7 < 7, for different
pressures in Fig. 9d result primarily from pressure dependence of yield strength in
Eq. 91.
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Contours of 7., 0., and &. in Figs. 8 and 9 are depicted in dimensionless g-space.
These solutions enable comparison of the dimensionless width of high-strain, high-
temperature zones in the vicinity of the fully formed bands at singular surface
y = 0. From such comparisons, relative effects of different transformations, ma-
terial properties, and superposed pressures and magnetic fields can be deduced.
The absolute width of these zones scales linearly with hy if the characteristic time
to = ho/vo, the defect strength €, and the normalized defect profile wy are held con-
stant. Their absolute width is modulated by the initial conditions €, and w, and the
geometry hg, similar to several recent works.?”!>? In the absence of heat conduction
and inertia, their minimum width tends to zero as h( decreases. More sophisticated
numerical methods, outside the present scope, are required to account for potential

effects of conduction and inertia on band morphology.

In summary, model predictions suggest that the & — € transformation, if it occurs,
precedes localization in pure Fe, while the « — ~ transformation, if it occurs, ei-
ther complements or follows adiabatic shear localization in the present Ni-Cr steel.
To delay localization and mitigate load collapse commensurate with a fully formed
shear band, steps should be taken to reduce 7., since the time at which localization
persists is t. = 7.ho/vg. First consider the case when strain hardening and thermal
softening exponents n and v of parent and transformed phases match. If the trans-
formed phase is of the same initial strength (ovy = 0) or initially softer (og > 0)
than the parent phase, as assumed for & — ~y transitions, then suppression of the
transformation should delay localization. If the transformed phase is initially harder
(ap < 0), as assumed for @ — € transformations, then suppression of the transfor-
mation can either delay or promote localization depending on the initial pressure. If
the strain hardening rate n increases and/or thermal softening v decrease dramati-
cally in conjunction with a change of phase, as is conceivable but not confirmed for
a — € transformations in Fe, then shear localization should be mitigated by such a
phase transformation. In that case, increasing the pressure and adjusting an external
magnetic field to enhance transition kinetics should delay failure that would now

occur from localized melting rather than extreme viscoplastic thermal softening.
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6. Conclusions

Enhancing the presentation of a recent article,! a theoretical analysis of adiabatic
shear localization in viscoplastic solids has been performed, accounting for struc-
tural transitions such as phase transformations. Structural transformations were not
considered in prior works**>*% that invoked a similar limit analysis for localiza-
tion in viscoplastic solids. A reduced-order model for phase transitions affected by
shear stress, pressure, temperature, and magnetic fields has been formulated for Fe
and a high-strength steel in polycrystalline form. Effects of constitutive parameters,
external pressure and magnetic fields, and initial defects on localization criteria and

shear strains required for localization have been quantified for these two metals.

The o — € transformation in pure Fe, if it occurs, is predicted to precede adiabatic
shear localization. The o« — y transformation in Ni-Cr steel, if it occurs, is predicted
to accompany localization but not precede it. Findings agree qualitatively with some
experimental observations. First, « — ¢ transformations have been witnessed or in-
ferred in Fe under dynamic shear with or without large superposed pressure, in the
absence of adiabatic shear bands.!>'®?° Second, o — ~ transitions in high-strength
steels have been witnessed or inferred within adiabatic shear bands, but not out-

19,24

side their immediate vicinity, in dynamic torsion or compression experiments

starting from ambient room temperature and pressure.

If the transformed phase is softer than the parent phase, transitions are found to be
detrimental in the sense that shear localization is accelerated. If the hardening rate is
higher and thermal softening is lower in the transformed phase, then a phase tran-
sition can mitigate adiabatic shear localization. The initiation of melting appears
eventually likely even if the viscoplastic stress-strain response is mechanically sta-
ble to very large shear strain. The melting process itself, which incurs changes in
local volume, internal energy, and other physical properties, is not analyzed explic-
itly in the current work. Local strength degradation by damage-softening processes
distinct from thermal softening, for example ductile fracture by void growth and
shear-crack coalescence, is likewise not explicitly modeled. Theory and calcula-

153

tions in a forthcoming article’>” augment the present approach to consider both

ductile fracture and melting.

Experiments probing viscoplastic properties of the materials in their transformed,

high-pressure, high-temperature states would lend confidence to model parameters
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that are presently uncertain. Controlled dynamic experiments involving simultane-
ous sufficiently high pressure and large enough shear strain, without boundary con-
straints, for localization would provide more validation. To enable tractable limit
analysis, explicit elastic shear strain, inertia, and conduction of heat and electricity
have been omitted, and aspects of the phase transition model have been linearized.
Consequences of these simplifications should be quantified by comparison with

fully resolved, space-time numerical solutions capturing the approximated physics.
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A.1 Heat-treated Ferrous Alloy: Model Predictions

A recent report! describes predictions of a continuum constitutive model® and nu-
merical implementation® of adiabatic uniaxial strain compression of a ferrous alloy
at low and high strain rates. Boundary conditions seek to mimic those witnessed in
shock compression (e.g., plate impact) experiments.* Results in that report' were
limited to the alloy in its as-rolled (AR) condition. This appendix extends the prior
calculations and analysis to an alloy of the same chemical composition, but now in
its heat-treated (HT) condition.? In addition to uniaxial strain loading in the pres-
ence of an external magnetic field, predictions for the HT alloy under simple shear
loading are included in this appendix. These results supplement the treatment of
shear instability and shear-induced phase transitions in pure iron (Fe) and nickel-

chromium (Ni-Cr) steel given in the main body of the present report.

The composition in weight-percent (wt%) is as follows for the ferrous HT alloy
designed and fabricated by US Army Combat Capabilities Development Command
Army Research Laboratory: C 0.17, Mn 8.75, Si 0.68, Cr 12.01, Ni 2.5, N 0.07,
and Fe 75.82. The material initially consists of three phases: v (FCC), e (HCP), and
a (BCC). Before deformation, volume fractions for the HT alloy are v of 0.614, ¢
of 0.284, and « of 0.102. This alloy is interchangeably referred to as HT1 to avoid
confusion with two other HT alloys of different chemical compositions that were
subjected to similar testing at DEVCOM Army Research Laboratory in 2022. The
AR alloy of the present chemistry is likewise referred to as AR1.

In the present framework,! ™ the € and ~ phases of the alloys are combined into a
single close-packed, high-density phase. For high-pressure loading, the & — /¢
transformation is modeled in the alloys, while & — € is modeled in pure Fe. The
local volume fraction of the transformed phase is the order parameter £. A relatively

small fraction of the « phase, 1 — &y = 0.102, is available for transformation in alloy
HT1. The entire volume of a-Fe, in contrast, can transform at high pressure.

!Clayton J. Modeling dynamic uniaxial compression of a ferrous alloy in an external magnetic
field. DEVCOM Army Research Laboratory (US); 2024. Report No.: ARL-TR-9866.

2Clayton J, Murdoch H, Lloyd J, Magagnosc D, Field D. Modeling magnetic field and strain
driven phase transitions and plasticity in ferrous metals. Zeitschrift fur Angewandte Mathematik
und Mechanik (ZAMM). 2024;104:e202200612.

3Clayton J, Lloyd J. Numerical models for constitutive behaviors of ferrous metals. DEVCOM
Army Research Laboratory (US); 2023. Report No.: ARL-TR-9776.

4Curran D. Dynamic mechanical behavior of iron. In: Shock waves and the mechanical proper-
ties of solids. Burke J,Weiss V, editors. Syracuse University Press; 1971. p. 121-138.
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Table A-1 Kinetic parameters for magnetic field effects: Fe and ARL alloys AR1 and HT1

Parameter (units) Definition Value
al’ (MPa) magnetic field-independent kinetic barrier 0.0
ozf (MPa/T) linear field dependence of kinetic barrier —36.0
BE (MPa) magnetic field-independent transition width 90.5
B (MPa/T) linear field dependence of transition width 0.0
to (=) field-independent transformation yield accommodation  0.195%
t1 (1/T) linear field dependence of yield accommodation 0.0

210 = 0 for pure Fe

A similar parameterization strategy to that of the previous report! is used. With
the exceptions of magnetic field-affected kinetic parameters o, of’, 8L, BF, w0,
t1, nearly all material parameters for the AR and HT alloys are taken verbatim
from Clayton® and Clayton et al.> The enhanced high-strain rate hardening, Taylor—
Quinney factor, and rate- and temperature-sensitivity of yield strength for the HT
alloy are the same as those justified for the AR alloy in the previous report.! The
only other exception is that the isothermal bulk modulus B of the AR alloy is used
here for the HT alloy, since B, inferred from static tensile data® for the HT alloy
was too small to match high-pressure data on other steels with which reasonably

close agreement was anticipated.

Only parameters for forward transitions are required here because the forward trans-
formation is defined as o — ~y/e. Values of o', of, BL", B, 19, and ¢, are listed
in Table A-1. See prior references'! ™ for precise definitions. Except for ¢, kinetic
parameters for &« — € in pure Fe are now used universally for all three materials.
Parameters for Fe were calibrated to shock experiments.®* Value ¢y = 0.195 for
alloy HT1 matches that for AR1, consistent with prior analysis.!"? A second set of

transition parameters for alloy AR1 from the previous report! is not revisited here.

Importantly from Table A-1, H, only affects the transition barrier via ol < 0. Since
this parameter is negative, an external field promotes the & — /e transformation
in the AR1 and HT]1 alloys, as witnessed in shock experiments on pure Fe.!** Con-
versely, a magnetic field should inhibit the v/e — « transformation, as observed
in tensile experiments on the alloys and captured in prior modeling.? Such external
field effects are justified by transformation kinetics via nonzero of”. Kinetics coun-
teract the free energy difference in A*G that reduces the thermodynamic barrier for

transformation to the ferromagnetic o phase in the presence of a magnetic field.>*
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Table A-2 Predicted shock pressure P for & — ~y/e transition start: pure Fe and ARL alloys

Material Magnetic field /icHy (T) Field direction Pressure P (GPa)
Fe (polycrystal) 0 e 13.187
2 parallel 11.800
2 perpendicular 11.712
AR1 alloy 0 e 4.494
2 parallel 4.112
2 perpendicular 4.112
HT1 alloy 0 e 4.372
2 parallel 3.943
2 perpendicular 3.941

Predicted transition start pressures are listed in Table A-2, where P is the negative of
the Cauchy stress component in the direction of deformation. The external field of
magnitude H is applied parallel or perpendicular to the direction of compression.
Transition thresholds are almost completely insensitive to the field direction, likely
because the continuum model is isotropic. Transition start pressures are similar, on
the order of 4 GPa, in both the AR1 and HT1 alloys. They are higher in Fe, ranging
from 11.7 to 13.2 GPa depending on field strength. A 2-T field lowers the transition
pressure by around 1.5 GPa in Fe and by around 0.4 GPa in the alloys.

Model predictions for P, shear stress 7, and phase volume fraction for the HT alloy

are shown in Fig. A-1. Experimental data®>%’

on P are also included in Figs. A-
la and A-1b. Results and conclusions are very similar to those for the AR alloy;
their detailed discussion® for that alloy applies analogously. Summarizing contents
of Fig. A-1, the predicted Hugoniot for the HT1 alloy is similar to that of other
steels” at P up to around 200 GPa. Stress is lower in Fe because of its greater
overall volume reduction upon phase transition, recalling that only around 10% of
the mostly austenitic (y-phase) HT1 alloy can transform to the high-density phase.
Greater shear strength 7 is observed in Fig. A-1c for dynamic loading, as expected
for enhanced strain-rate hardening. For static loading at 10~3/s, phase transition is
complete at P ~ 60 GPa. At a very high loading rate of 10%s, the transition is
nearly complete by the same pressure. Transformation kinetics are fast enough that

the metastable-state solution is a close approximation, even at the much higher rate.

SBancroft D, Peterson E, Minshall S. Polymorphism of iron at high pressure. Journal of Applied
Physics. 1956;27:291-298.

®Barker L, Hollenbach R. Shock wave study of the a <+ ¢ phase transition in iron. Journal of
Applied Physics. 1974;45:4872-4887.

"Marsh SP, editor. LASL shock Hugoniot data. University of California Press;1980.
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Effects of a 2-T magnetic field on P, 7, and ¢ are so small that they appear negligible

in Fig. A-1. Greater external field strengths are needed to elicit visible effects.

®  SS 304 shock LASL ®  SS 304 shock LASL
A SS 304L shock LASL A SS 304L shock LASL
L WSS 347 shock LASL 60 F WSS 347 shock LASL
200 \‘. ¢  Fe shock Barker ¢  Fe shock Barker
'07; \~ ®  Fe shock Bancroft 'OTZ a5k ®  Fe shock Bancroft
O, 150 & HT1 alloy model, 0 T O, %~ HT1 alloy model, 0 T
a, === HT1 alloy model, 2 T A, . Py N == HT1 alloy model, 2 T
30} it
100 F \: == HT1 alloy, no transf. 0 “ }:: = HT1 alloy, no transf.
Be Coy N
50 h 15r Y. “*,,\
0 ()I7 0‘8 0‘9 1.0 88" l 9
. . X . .85 0.90 0.95 1.00
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(a) shock pressure (b) shock pressure
2.0 F === HT1 alloy model, 0 T, 1073/s HT1 alloy model, 0 T, 103 /s
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=10t .- 2
= L - g
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0.5 f.// S 0.09
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(c) shear stress (d) « fraction

Fig. A-1 Predictions for ARL alloy HT1 with o — ¢/~ transformation, homogeneous uniaxial
straining in 1-direction, variable external magnetic field H; of 0 or 2 T: (a) longitudinal stress
P = —o11, to large compression with experimental data, (b) longitudinal stress P = —o11, to
smaller compression, (c) shear stress 7 = %|011 — 033 at static (1073/s) and dynamic (10%/s)
rates, (d) order parameter 1 — ¢ denoting volume fraction of lower-density phase. In parts (c)
and (d), curves for 0-T and 2-T fields are visually indistinguishable at the same strain rate.

Simple shear loading is now addressed for the HT alloy. Identical model parameters
from the uniaxial-strain calculations are used. The imposed total shear deformation
is 7. Out-of-plane displacements are prohibited, so temperature and transformation
induce changes in pressure p as a result of confined thermal expansion and transfor-
mation volume change. Shear strain rates 7 ranging from 10~2-10%/s are imposed.
Isothermal conditions apply at 10~3/s and adiabatic conditions at higher rates. For
illustration, an extremely large external field, jio Hy = 30 T, is invoked for some cal-

culations to interrogate magnetic effects on transformations, stress, and temperature
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that are difficult to infer at lower field strengths. Also for illustration, transformation
is artificially suppressed (é = () in some dynamic calculations. Only homogeneous

solutions are calculated, with results in Fig. A-2. Localization solutions are not.
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Fig. A-2 Predictions for ARL alloy HT1 with o« — ¢/~ transformation, homogeneous simple
shear strain -y, variable external magnetic field H, of 0 or 30 T: (a) shear stress 7 = 012, (b)
order parameter 1 — ¢ denoting volume fraction of lower-density phase, (¢) Cauchy pressure
p = —3%(011 + 022 + 033), (d) temperature 0

Shear stress 7 calculated at 4 = 10°/s shows a small decrease in the presence of
a 30-T magnetic field at v 2 0.5 in Fig. A-2a. Stress also decreases modestly at
a strain rate ¥ = 10%/s when transformation is suppressed (i.e., “no transform”).
At the lower, but still dynamic, rate of 4 = 103/s, shear stress 7 is further reduced

relative to that for i = 10%/s since the high-strain rate hardening effect is absent.

Evolution of volume fraction of the « phase is shown in Fig. A-2b. At = 1073/s,
shear stress and temperature rise are insufficient to initiate any transformation. The

a — ~y/e transformation begins and completes sooner as strain rate increases from
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103 to 10%/s. Notably, a 30-T magnetic field is sufficient to initiate transformation

at v = 0, in the absence of driving shear stress or temperature rise.

Cauchy pressures in Fig. A-2c show different behaviors depending on strain rate and
magnetic field strength. Thermal expansion from adiabatic temperature rise causes
a pressure increase. Densification from the & — /e transformation causes a pres-
sure decrease. These physical effects compete in results shown for i > 10%/s. At
4 = 1073/s, with isothermal conditions, transformation densification and thermal

expansion are absent, so pressure does not depart from ambient conditions.

Temperature histories in Fig. A-2d likewise show trends that depend on strain rate
and magnetic field. The quasi-static case is trivially isothermal. The initial tempera-
ture drops in the presence of a 30-T field, indicating an endothermic process. When
transformations are enabled at ¥ = 10%/s, temperatures become slightly higher for
~ 2 1 with the magnetic field. This leads to the slightly lower shear stress 7 of the
latter case relative to that with no field in Fig. A-2a. When transformation is sup-
pressed at iy = 105/s, temperature rise is greatest, contributing to thermal softening
and even lower shear stress 7 in Fig. A-2a. Effects of transformation hardening are
small in this alloy due to the relatively low fraction of transformed phase and the

only modest differences in calibrated strengths of austenite and martensite.>

The strain « at instability (i.e., where 7 attains a local maximum) is similar for all
three cases at the highest rate of ¥ = 10%/s. However, the peak stress, temperature,
and transformed fractions differ among these cases at this strain value. Noting that
instability is usually deemed a necessary, but not sufficient, condition for localiza-
tion, the post-peak strain at which a shear band formes, if at all, cannot be discerned
from the present homogeneous solutions. The predicted softening behavior sug-

gests, but does not prove, that adiabatic shear banding will occur in this alloy.

A.2 Restrictions on Magnetically Driven Transformation Kinetics

According to a general electromechanical continuum theory incorporating plasticity

and phase transformations,?? the second law of thermodynamics can be written
~AG-E+WP+ WP - ES+2¢ > 0. (A-1)

The Gibbs free energy difference per unit reference volume between phases is A*G.

Dissipated energies per unit volume from plastic work and damage processes are
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WP >0and WP >0, respectively. The rate of energy storage associated with mi-
crostructure changes distinct from phase transformations is £°; this can be positive,
negative, or zero. Dissipative contributions from thermal and electrical conduction

are combined into ©¢ > 0. Forward transformation kinetics (i.e., f > 0) are

—ANG—-a">0 and (<& = £=(E-¢)/F; (A-2)

= —A*G — oFf
§=1-—exp [_T

:| € [07 1]7 (A'S)
where of” and 3" > 0 are, respectively, state-dependent transition barrier and tran-
sition width parameters, 7F > 0 is the time scale for linear relaxation kinetics, and

€ is the metastable phase volume fraction.

If o' > 0, then Eq. A-2 supplies unconditionally dissipative transformation kinet-
ics, namely, —A*G-é > 0in Eq. A-1. However, overlooked in prior work,! =3 trans-
formation is not impossible in Eq. A-2 when o’ < 0 and A*G > 0. In this case, to
ensure nonnegative fotal dissipation, the transformation rate should be restricted by
dissipation from plasticity, stored energy of microstructure, and conduction mech-

anisms from Eq. A-1:

- A*G ’

VA*G > 0]. (A-4)

In this case, transformation cannot occur in the absence of other dissipative or
energy-releasing processes. A similar thermodynamic restriction on reverse trans-
formations (i.e., £ < 0) can be derived with the appropriate changes in signs of
involved quantities.” The maximum value of Gibbs energy difference for which

F

transformation occurs via Eq. A-2 is A*G = —a", so a stricter criterion would

replace Eq. A-4 with

F Y

¢ < Vol < 0. (A-5)

(0%

For posterity in the future, Eq. A-5 could be added to transformation rules given
in Eq. 2.117 of a prior paper? and Eq. 40 of a prior report,®> with corresponding

numerical implementation.

Conditions in Egs. A-1, and A-4 if necessary, have been verified by direct calcula-

tion for all pertinent results in the main body of this report. In prior research! ~3 and
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in calculations of Section A.1 of this appendix, such verification was not performed
explicitly. For modeling the y/e — « tensile transformation in AR1 and HT1 alloys
in a prior paper,? o) > 0,a! > 0 = of > 0. Therein, that transformation was

dissipative in isolation, and Eq. A-1 was always obeyed without need for Eq. A-4.

However, for modeling the o — /e transformation in these alloys'? and the @ — ¢
transformation in pure Fe,>* ol = 0,af" < 0 = of' < 0V Hy > 0. In other words,
o < 0 in calculations that modeled a magnetic field-induced reduction in the net
transformation barrier. Plastic dissipation, structural energy release, or conduction

must accompany these transformations for thermodynamic consistency.

For all but one of the simulated « — ~y/€ or « — € cases, plastic deformation should
occur simultaneously with the onset of transformation (e.g., transition thresholds P
in Table A-2 exceed Hugoniot elastic limits in all materials), so prior conclusions on
transformation initiation thresholds and calibrated values of a!” should not require
correction in these cases. Nonetheless, transformation rates affer initiation could be
reduced below those previously predicted if plastic dissipation is not large enough

to offset net energy consumed by the transformation process.

Alternatively, subscale physics such as heat conduction within a traditionally con-
sidered adiabatic shock front® could be interpreted as sufficient to enable transfor-

mations with af’

< 0. Such ingredients could also include energy-releasing mi-
crostructure changes. These appear mandatory for thermodynamic consistency of
the lone result in Fig. A-2b for shearing under the very large 30-T magnetic field,

wherein transformation precedes any macroscopic shear deformation.

8Wallace D. Irreversible thermodynamics of overdriven shocks in solids. Physical Review B.
1981;24:5597-5605.
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List of Symbols, Abbreviations, and Acronyms

TERMS:

1-D one-dimensional

2-D two-dimensional

3-D three-dimensional

AR as-rolled

ARL Army Research Laboratory
BCC body-centered cubic

BCT body-centered tetragonal

C carbon

Cr chromium

DEVCOM US Army Combat Capabilities Development Command
DRX dynamic recrystallization
FCC face-centered cubic

Fe iron

HCP hexagonal close-packed

HT heat-treated

Mn manganese

Ni nickel

ODE ordinary differential equation
TRIP transformation-induced plasticity
MATHEMATICAL SYMBOLS:

By ambient bulk modulus

B magnetic flux density

cy specific heat per unit volume

80



v

»

TR 2 IS X D M4

<

< < oM

deformation gradient

Gibbs free energy per unit reference volume
magnetic field

Heaviside unit step function

strain rate sensitivity
magnetization per unit spatial volume
strain hardening exponent

Cauchy pressure

longitudinal shock pressure

time

spatial coordinates

reference coordinates
Taylor-Quinney factor

defect field

entropy density

shear strain

shear strain rate

ambient shear modulus

thermal sensitivity

mass density

Cauchy stress tensor

particle velocity

shear stress

transformed phase volume fraction
temperature

Helmbholtz free energy
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