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1. Introduction

Multi-agent systems (MAS) are uniquely suited for spatially distributed and complex
tasks, such as search and rescue, surveillance, and perimeter defense. These systems
rely on persistent network communications to exchange information and coordinate
actions. However, range-limited communication networks can be vulnerable to single
points of failure, where the loss of a single agent-node can fracture the network. This
report focuses on enhancing the robustness and survivability of agent networks by
developing methods to proactively reconfigure agent geometry and corresponding
network topology to establish redundant communication pathways before failures

occur.

Connectivity augmentation is a classic problem in graph theory and operational
research with practical applications in the design of networks that require redundancy
and fault tolerance. In its simplest formulation, we are given a graph and asked to
find the smallest edge augmentation set that will lift the vertex (or edge) connectivity
to a specified threshold. The connectivity of a graph is the minimum number of
vertices (or edges) that must be removed to separate the remaining nodes into two or
more isolated subgraphs. Menger’s theorem states the size of this minimum cut set
is equal to the maximum number of disjoint paths between any two vertices. This
duality highlights the utility of graph connectivity as a measure of network resilience

and survivability.

One of the earliest solutions to the augmentation problem was found by Eswaran
and Tarjan (1976) and Plesenik (1976), who formulated a polynomial-time solution
for the 2-edge and 2-vertex connectivity problem. Many variations of the problem
have been considered, focusing on both directed and undirected graphs, weighted
graphs, constrained edge-augmentation sets (Frank and Jordan 2015), planar graphs
and geometric graphs (Rutter and Wolff 2008). A review of the literature can be
found in (Frank and Jordan 2015).

The goal of this study is to formulate a method for connectivity augmentation
appropriate to airborne agent networks with range-limited communication. The graph
is no longer abstract, but a consequence of the agents’ relative geometry. In this
physical setting, edges (or network links) exist only between agents that are within
communication range. To add an edge between two agents requires these agents to

simply draw closer. However, it is not obvious how to most efficiently restructure the



collective agent geometry to lift network connectivity. Specifically, we must consider

two key modifications to the classic augmentation problem:

1. Objective: Rather than minimizing the size of the edge augmentation set
or the cost with respect to prescribed (constant) edge weights, we seek to
minimize the transport cost. This cost metric could take different forms, e.g.,
sum or maximum of all agent displacements, fuel consumption, and time of
flight. Feasible flight paths could be further constrained to account for limited

platform control.

2. Optimization variable: Rather than finding an edge augmentation set, we seek
a configuration geometry mapping the relative positioning of agents. Under
this construction, the corresponding required edge set may actually discard

some pre-existing edges.

The principal contributions of this work include: (1) formulating the Multi-Agent
System Connectivity Augmentation (MASCA) problem for physical agent networks,
(2) developing a computationally efficient two-phase solution approach that decouples
the combinatorial graph problem from the geometric optimization, (3) identifying
theoretical properties that significantly reduce the search space, and (4) formulating
effective heuristics that achieve near-optimal solutions with significant computational

savings.

Because the transport cost depends on the optimal geometry, we cannot optimize with
respect to fixed edge weights (for which solutions exist [Frank and Jordan 2015]).
This report introduces a methodical approach to solve this problem, involving two
key steps: identifying feasible edge sets that satisfy vertex-connectivity requirements
and selecting the optimal graph configuration based on geometric and operational

considerations in 3D space.

2. Methods, Assumptions, and Procedures

2.1 Notation

We summarize the main notation used throughout the report below.

* A: Adjacency matrix of the proximity graph Ga(X).



A5: Adjacency matrix encoding the union of all possible resulting edge sets
after agents move within their reachability constraints.

C;: Feasible edge sets that meet the desired connectivity threshold.

{C;}: Collection of feasible edge sets.

d;;: Buclidean distance between agents v; and v;; d;; = [|x; — x|

E': Edge set of the proximity graph G (X).

E5: Edge set corresponding to As.

e;j = {vi,v,}: Edge in a graph.

k(G), k(A), k(E): Vertex connectivity of graph G, adjacency matrix A, or edge
set E.

k;;j. Pairwise vertex connectivity (equivalently, the number of vertex-disjoint
paths) between agents v; and v; in Go.

k1,: Desired vertex connectivity level.

ko: Initial vertex connectivity of the graph Gy.

mg: Number of decision edges (edges that can be added or not).

mpy: Minimum number of edges in a k;-connected graph with n vertices, given
by Harary’s theorem mp = [“*].

my: Number of edges that must be kept (necessary edges).

n: Number of agents.

V ={v1,ve,...,v,}: Set of agents (nodes) in the network.

W: Mask matrix indicating necessary, decision, and unreachable edges.

X: Stacked coordinate matrix of agent positions, X = [x1,X2,...,X,]|" € RS,
Xo: Initial positions of the agents.

X*: Optimal agent positions after movement.

x; € R3: Position vector of agent v;.

x?: Initial position vector of agent v;.

A: Communication or interaction range; agents within distance A can communi-
cate.

S": Space of symmetric n X n matrices.

| - |: Cardinality of a set.

p: Maximum allowed displacement for agents; ||x; — x?llz <p.



2.2 Problem Statement

Consider a system of n numerically indexed agents. Let X = [x(l], xg, O =
R"™3 denote the stacked coordinate matrix of initial agent positions. The pairwise
Euclidean distances are d;; = ||x; — x,||. Range-limited interaction is represented by
the proximity graph Ga(X) = (V, E), where V = {v{,va,...,v,}and E C {(v;,V;) |

d;j < A} are the vertex and edge sets, respectively.

Given an initial configuration Xy, corresponding proximity graph Gy = Ga(Xj),
and desired vertex connectivity x;, we can formulate the Multi-Agent System

Connectivity Augmentation (MASCA) problem:

minimize max ||x; — x?llg, i=1,...,n
’ (1)
subject to k(Ga(X)) > k.

We have implicitly assumed in Problem (1) full agent maneuverability such that all
positions X are reachable from Xg. Further constraints could be added to limit reach-
ability; e.g., maximum travel distance, acceleration, or deflection from the agent’s
initial velocity vector. Problem (1) is perhaps the simplest formulation of the MASCA
problem. Even so, the combinatorial constraint on connectivity paired with the contin-
uous cost function makes this problem challenging. Modern general-purpose global
optimization solvers can provide reasonable—if not certifiably optimal—solutions,
but this approach is only practicable for modestly sized applications (approximately

n < 7) that can tolerate extended solution times.

Motivated by the need for faster solution times required for in-flight applications, we
divide Problem (1) into two more tractable subproblems whose meta-parameters can
be tuned to balance speed and cost. Broadly speaking, we first introduce a reachability
bound that further constrains the space of reachable proximity graphs. This space is
efficiently sampled, resulting in a set of candidate proximity graphs. In the second
phase, for each graph, a convex optimization scheme is called to find an embedding
in Euclidean space minimizing transport cost subject to spacing constraints. The
lowest cost embedding is taken to be the (near) optimal solution X*. Meta-parameters
limiting the numbers of graphs to sample and the number of embedding solutions
to consider will be discussed below. Ultimately, this is a relaxation of the original

problem, and we are interested in understanding, as best we can, the optimality gap.



2.3 Identifying Feasible Edge Sets

Let p be the agents’ maximum allowed displacement, ||x; — X?Ilz <p, i=1,...,n.
We can then define a new adjacency matrix Ay that encodes the union of all possible
resulting edge sets:

(As)yj = 1 ifd;; < A+2p, 2

0 otherwise.

The limit d;; < A + 2p represents the largest bound on d;; such that ||x; — X? 2 < p
is still possible. Specifically, if a pair of unconnected nodes were maximally spaced
A+ 2p apart, they would each have to travel a distance p directly toward each other to
gain adjacency. This is a statement of local reachability. A similar statement could be
formulated for nodes (v;, vy ), also—at the extreme—requiring these nodes to likewise
move directly toward each other. These pairwise trajectories are not necessarily
consistent. Thus, A does not necessarily represent a physically realizable proximity
graph; it simply encodes local pairwise reachability. The converse statement, however,
is more certain; if two nodes are not adjacent in Ao, then they are certainly not
reachable under the transport constraint. The utility of A is in collecting the set of
all candidate edges E- that could possibly contribute toward Gao(X) € Ga(V, E2)
after transport.

Our next task is to enumerate the collection of feasible subsets {C;}:
Cie{p CE>|«(¢p) >k}, foreachi=1,2,...,m, 3)

where «(¢) is the vertex connectivity of the graph associated with edge set ¢, and m

is the number of subsets satisfying the connectivity condition.

Even after eliminating the complement edges of Go, an exhaustive enumeration of
the power set of E2 and direct evaluation of connectivity of each subset would only
be tractable for very small n. To facilitate a more efficient enumeration of {C;}, we

introduce a mask W € S”":

1 if (Ag);; =1land k;; =k, (necessary),
Wij =410 if (A2);; =0, (unreachable), 4)

—1 otherwise, (decision).

Among the reachable edges, some are nonnegotiably necessary. Let K € Z*" be the



matrix of pairwise vertex connectivities of Go, where the matrix entry «;; gives the
number of vertex-independent paths between v; and v;. If any «;; < k;, then there
can be no reachable configurations which will satisfy (3) at the specified A and p.

We proceed, therefore, under the assumption that «;; > «; .

Suppose that for some vertex pair (v;,v;) we have k;; = kr, indicating that there
are precisely k; vertex-disjoint paths between them. While these paths are not
generally unique, we can argue that single-edge paths to adjacent nodes are uniquely
specified. In particular, if k;; = k7 and (As);; = 1, then the corresponding edge e;;

is necessarily one of those paths and must be included in all candidate C;.

Proof by contradiction: Suppose that in Go there were «z, other paths without ¢;;.
Then we could construct an additional path P = (v;,v;) composed entirely of ¢;;.
Since P contains no internal vertices, it is clearly independent of any other paths
between v; and v ;. This would lead to «, + 1 paths, contradicting our premise. Thus

we conclude that P = (v;, v;) is uniquely specified as one of the «; paths.

Let mj be the number of edges that must be kept, and m, the number of decision
(candidate) edges. In general, each feasible edge set C; will include all necessary
edges and some combination of candidate edges. Without any further reduction, the

number of possible subsets would be };""¢ ("), and each would have to be evaluated

i=0 \ i
against the connectivity requirement. However, we can further reduce the space of

feasible sets by:

1. cardinality bound: The combinatorial explosion implied by the summation
above follows in part from the size variability of candidate edge sets, m; <
|Ci| < myg + mg. Various cardinality bounds have been formulated for the
classical connectivity augmentation problem (Frank and Jordan 2015), but
are typically developed under the assumption that all existing edges are kept.
For the present application, this assumption is not generally true. Instead, we
can stipulate a lower-bound based on Harary’s theorem on «-vertex-connected
graphs (Harary 1962): the minimum number of edges in a k-connected graph

with n vertices is

=[]

which furnishes us with a second lower cardinality bound, in addition to my.



The bounds can be combined

[N (’"") ©)

i=max(mgy—my,0)

This is still just an upper-bound on [{C;}| as we have not yet evaluated these
sets to filter out those that fail to meet the connectivity threshold. It turns out,
however, there is no need to evaluate all combinations in (6), as we shall now

show.

2. Discarding Supersets of Feasible Sets: If C; C C; and «(C;) > ., then
k(C!) > k. since adding edges cannot decrease connectivity. Furthermore,
additional constraints (edges) can never lead to a more optimal solution in
terms of minimizing movement cost. Thus, we can discard all supersets of C;

without loss of generality.

One way to implement this is to start with the smallest edge combinations of size
my + max(mpy — my, 0) and evaluate each against the connectivity condition.
Then form the next set of combinations of size m; + max(my — my, 0) + 1,
discarding supersets of previously found feasible C;. The process continues until
we either reach set size my + mg or there are no more surviving combinations
to evaluate. Aside from reducing the number of connectivity evaluations, the
resulting smaller |{C;}| also means that there will be fewer feasible sets to

consider in the optimization phase.

Algorithm 1 describes the procedure for constructing the collection of feasible edge

sets.

2.4 Node-Position Optimization for Feasible Edge Sets

After identifying feasible edge sets that meet the desired vertex-connectivity threshold,
the next phase involves determining optimal node positions that realize these edge
sets while minimizing the total displacement from the initial configuration. This
phase addresses the physical realization of the augmented graph by repositioning

agents, within their movement constraints, to establish the necessary connections.

For each feasible edge set C; C E5 identified in the previous phase, we seek new

positions X = [x1,X2,...,X,]" € R™3 by solving the following convex optimization



Algorithm 1 Identification of Feasible Edge Sets for Connectivity Lifting

Input: Initial positions Xy, communication range A, movement limit p, desired
connectivity kg,
Output: Feasible edge sets {C;}, mask matrix W, initial connectivity &

1: Compute initial adjacency matrix A based on Xy and A
2: Calculate initial vertex connectivity xg = «(A)
3: if kg > k. then
4: Return current graph; no augmentation needed
5: end if
6: Compute reachability adjacency matrix Ag using A + 2p per (2)
7: Calculate pairwise connectivities k;; in Go
8: if Any k;; < k1, then
9: No solution exists under given constraints; exit
10: end if
11: Construct mask matrix W using (4)
12: my < number of necessary edges (W;; = 1)
13: my < number of decision edges (W;; = —1)
14: Compute mp = [ “L"]
15: Initialize feasible edge sets {C;} «— 0
16: for m = max(mpy — my, 0) to my do
17: Generate combinations of decision edges of size m
18: Exclude supersets of previously found feasible sets
19: for Each edge combination S do
20: C < necessary edges U edge combination S
21: Construct graph G(V, C)
22: if k(G) > k., then
23: Add C to {C;}
24: end if
25: end for
26: if No new feasible sets found then
27: Break loop
28: end if
29: end for
30: return Feasible edge sets {C;}, mask matrix W, initial connectivity g
problem:
minimize max ||x; — x?llg (7)
XeRmx3 i
subject to  ||x; — x?||2 <p, Vi=1,...,n, (8)
lIx; —x;ll2 <A, V(vi,vj) €C. )



The objective function (7) minimizes the maximum Euclidean distance that any agent
moves. Constraint (8) ensures that agents do not exceed their movement capabilities,
while constraint (9) enforces the necessary connections as per the feasible edge set.
This is a convex optimization problem, as both the objective and the constraints
are convex functions of X. Specifically, the objective function is convex as it is the
maximum of convex ({2 norm) functions. The movement and edge constraints are
convex as they are norms upper-bounded by a constant. The optimization problem

(7-9) 1s a second-order cone programming (SOCP) problem.

As mentioned in Section 2.3, not every edge set in {C;} is guaranteed to have a
realizable embedding X since Ag asserts only pairwise reachability. Furthermore, for
any initial configuration Xy, itis also therefore possible that all { C; } are unreachable. A
negative (infeasible) result for all associated SOCP’s would certify global infeasibility

of the original problem (1).

Otherwise, after solving the optimization problem for all feasible edge sets, we
compare the resulting objective values (maximum individual movements). The edge
set and corresponding node positions with the minimal objective value are selected

as the optimal configuration.

As described thus far, the feasible set enumeration procedure and subsequent node
position optimization is certain to find the globally optimal solution to (1), if one
exists. While this is more efficient than an exhaustive search, the solution scheme
will at some point become impractical as n grows larger. If we are willing to trade

optimality for speed, there are several heuristics that can be incorporated:

* Begin feasible edge set search with smaller allowed displacement radius,
expanding gradually toward p until a feasible set has been found.

* Require that all initial edges are kept. This can drastically reduce the number of
possible edge combinations. While there is no reason the optimal solution must
retain these edges, numerical studies show this is very often the case.

* Cap the maximum number of feasible edge combinations to consider.

* Cap the number of feasible optimized geometries to consider.



3. Results

The methods outlined in the previous sections were implemented in MATLAB,
with convex optimization components handled via CVX (CVX Research 2020) and
MOSEK (ApS 2024). In this section, we illustrate and compare several example
graph constructions for certified globally optimal solutions and heuristic-driven

techniques.

3.1 Keeping Initial Edges

We generated 200 random geometries for n = 8 agents in the example set that
follows. Given a specified interaction distance of r = 2, this corresponds to a set of
proximity graphs. Of these, we selected 29 graphs that exhibited an initial vertex
connectivity of kg = 1. These graphs were then augmented with the objective of
reaching connectivity threshold x; = 2 subject to maximum displacement radius
of p = 0.3. Both optimal and heuristic solutions are calculated, as prescribed in
Sections 2.3 and 2.4.

As mentioned previously, there is no reason to suppose that the initial set of edges E
must necessarily show up in the optimal set C;'. Indeed, the opposite tends to be true:
all these edges are very seldom required to lift connectivity to ;. And yet, these
edges tend overwhelmingly to reappear—not as required edges, but by incidental
proximity—in the new proximity graph G (X*). Of the 29 selected geometries in this
dataset, 23 were feasible. In all 23, the optimal solution did not require all E, but the
resulting proximity graphs still included them. This can be seen clearly in Figure 1
comparing global optimal and heuristic solutions. Blue lines indicate required edges,

while green lines indicate incidental proximity.

For the optimal solution in Figure 1a, one can see by inspection that the blue lines
trace out a two-vertex-connected graph using only 9 edges, which is just slightly
greater than the Harary lower-bound, mpy = [%] = 8. At the same time, all £ appear
in the resulting proximity graph, as indicated by the blue dashed lines. The heuristic
formulation in Figure 1b, which requires all seven initial edges by prescription,
also exhibits a total of nine required edges. While the resulting geometries are not
identical, these differences are consistent with the objective function that minimizes
the maximum displacement and does not penalize smaller displacements, provided

that the spacing constraints (required edge constraints) are satisfied.
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Practically, both solutions achieve identical objective values. In fact, in all 23 samples,
objective values of optimal and heuristic problem formulations matched exactly,
even though the latter computed about 35 times faster, on average. Figure 2 shows
analogous results for k7, = 3 with an average speed-up of approximately 55X. These
results could have been anticipated simply from the appearance of E( in the proximity
graphs of all (global) optimal solutions, indicating that the corresponding proximity

constraints will not preclude the optimal solution.

This outcome suggests that imposing the requirement to use all pre-existing edges
upfront results in minimal loss of efficiency. This approach also significantly reduces
the computational search space, accelerating the solution process while maintaining

solution quality.

Required edges: 5/7 original + 4 new = 9 total Required edges: 7/7 original + 2 new = 9 total
Resulting edges: 7/7 original + 6 new = 13 total Resulting edges: 7/7 original + 4 new = 11 total

45+ 4.5
ar ® Nodes 4
——# Movement Vectors
351 Kept required edges 35 ® Nodes
I Edges in AN AA but notin A = Movement Vectors
3 P = = New required edges 3 Kept required edges
PRES 1 New edges in N = = New required edges
> 25¢ T~ ! Radius Constraint > 25 New edges in A,
7 s Radius Constraint
2 N 2
15 15
1 1
1 2 s . 5 05 1 15 2 25 3 35 4 45 5
X X
(a) Optimal problem formulation without (b) Suboptimal problem formulation
requiring persistence of initial adjacen- achieves faster solution by requiring all
cies. initially adjacent nodes remain connected.

Figure 1: Lifting to « = 2. Comparison of optimal and suboptimal connectivity-lifting
problem formulations and solutions. The extra edge constraints in the suboptimal
formulation still lead to the same optimal objective value.

4. Conclusion

This report addresses the challenge of connectivity augmentation in MAS with
range-limited communication capabilities. We formulated the MASCA problem
and proposed a two-phase solution consisting of feasible edge set identification
and node-position optimization. The combinatorial nature of the problem presents
significant computational challenges. To address this, we introduced strategies to
reduce computational complexity, including the use of cardinality bounds, pruning

of supersets, and applying heuristics such as preserving initial edges. Additionally,
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Required edges: 5/7 original + 9 new = 14 total Required edges: 7/7 original + 7 new = 14 total
Resulting edges: 7/7 original + 11 new = 18 total Resulting edges: 7/7 original + 10 new = 17 total

® Nodes

—#= Movement Vectors
Kept required edges 35
Edges in AygNA, but notin A

® Nodes
—# Movement Vectors
Kept required edges
= = New required edges
New edges in AA

= = New required edges
New edges in AA

Radius Constraint Radius Constraint

(a) Optimal problem formulation without (b) Suboptimal problem formulation
requiring persistence of initial adjacen- achieves faster solution by requiring all
cies. initially adjacent nodes remain connected.

Figure 2: Lifting to « = 3. Comparison of optimal and suboptimal connectivity-lifting
problem formulations and solutions. The extra edge constraints in the suboptimal
formulation still lead to the same optimal objective value.

convex optimization was employed to accelerate node-position optimization and

further enhance efficiency.

Numerical results demonstrated that our method effectively increases the vertex
connectivity of the network while minimizing agent movement. The comparison
between optimal and heuristic approaches revealed that introducing a few modest
constraints can lead to substantial computational savings without compromising

solution quality.

This approach offers a practical framework for enhancing the resilience and robustness
of multi-agent communication networks. Future research directions could include
1) developing more efficient approximation algorithms by further exploiting the
concept of necessary disjoint pathways (introduced in Section 2.3), 2) incorporating
reachability constraints and cost functions that more accurately reflect platform
dynamics and control capabilities, and 3) exploring decentralized implementations

to improve scalability and adaptability in real-world applications.
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