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1. Introduction

Like virtually all objects, a ground vehicle produces a distortion in the local
magnetic field. This distortion arises from the transient magnetic moments that the
ambient field of the earth induces in all materials of non-unit relative permeability,
as well as the more persistent moments that the ambient terrestrial field induces in
ferromagnetic materials. At standoff distances of approximately one vehicle length,
the transient (“induced”) and more enduring (“remnant,” often referred to as
“permanent”’) moments associated with a vehicle are well approximated by a
collection of point dipoles,'™ and at even greater standoff distances (multiple

vehicle lengths), by a single point dipole.

One can think of the total magnetic moment associated with a piece of
ferromagnetic material—and, in particular, with a ferromagnetic component of a
vehicle, such as the engine, chassis, or, in the case of many tactical vehicles,
armor—as consisting of an induced moment that is oriented in the direction of the
local ambient field and a remnant moment whose spatial orientation reflects the
vehicle’s prior history of orientation with respect to the ambient field, its specific
manufacturing history, and other factors. The direction of the remnant moment is
thus not known a priori. While it will—particularly if the ferromagnetic material is
subject to mechanical stress—eventually align itself with the local ambient field as
those magnetic domains whose spins are aligned with external field increase in size
at the expense of the others, the time scale for this realignment is relatively long.

In the case of a ground vehicle, which is virtually always oriented upright on a
surface that is approximately horizontal, it is reasonable to assume that the
components of the vehicle’s induced and remnant magnetic moments along a
vertical axis fixed in the vehicle are constant in time, as is their sum, the vertical
component of the total magnetic moment of the vehicle. (Here we tacitly assume
that the vehicle has not recently moved from a location on the earth’s surface where
the ambient magnetic field is significantly different, and that the configuration of
its ferromagnetic components has not changed, as would occur, for instance, if a
tank gun were raised or lowered.) As the vehicle moves and its orientation relative
to the terrestrial field changes, the components of the induced moment along
horizontal axes fixed in the vehicle change in time essentially instantaneously. In
contrast, components of the remnant moment change so slowly that the alteration
is negligible on the time scale of any series of practical measurements, and the
remnant moment can be considered constant and fixed in the vehicle. However, the
direction of the horizontal component of the remnant moment is in general
unknown and so, too, is the magnitude and direction of the horizontal component
of the sum of the remnant and induced moments of the vehicle.



In this report, we describe a method for extracting two parameters related to the
movement of a ground vehicle from a time series of the magnetic anomaly resulting
from the vehicle, obtained from a single vector magnetometer. From the vertical
(z-) component of the magnetic anomaly, we obtain an estimate of v/d p,, the
ratio of the vehicle speed, v, to dp,, the distance between the vehicle and the
magnetometer at their closest point of approach (CPA). From the components of
the anomaly in the horizontal (xy-) plane, we determine the direction of vehicle
travel (azimuth angle a) modulo 180°. These estimates are valid as long as dpy, is
at least several vehicle lengths.

This report is organized as follows. In Section 2, we specify the geometry of the
encounter between the magnetic field sensor and the passing vehicle (magnetic
source). In Section 3, we describe a simple analytic model that represents a ground
vehicle as a collection of point dipoles, and we verify that this model reduces at
large distance to a model involving only a single point dipole, the dipole moment
of which is given by the vector sum of the individual point dipoles in the original
multiple-dipole model. We then express the magnetic anomaly obtained from the
asymptotic single-dipole model in terms of the representation developed by J.E.
Anderson for a point dipole in uniform, linear motion.>® In Section 4, we describe
a procedure for estimating the ratio v/d:p, and the azimuth angle a from time
series data obtained from a single vector magnetometer, and in Section 5 we present
representative results obtained using simulated magnetic anomaly data with known
values of these quantities, and we consider the impact of random noise on the
parameter estimates obtained from the model. In Section 6, we discuss the
implications of these methods for near-future Army sensing applications.

2. Geometry of the Encounter between Sensor and Magnetic
Source

In this report, we model the magnetic anomaly that arises from the straight-line
motion of a vehicle in the ambient terrestrial field and is registered as a function of
time by a sensor at a nearby observation point. To enable our discussion, we first
specify the geometric relationship between the sensor and the vehicle (magnetic
source).

We consider the two reference frames illustrated in Figure 1. Frame S is at rest with
respect to the earth and thus also to a fixed sensor located at position X,. Frame S’
is at rest with respect to the vehicle and moves with it at velocity ¥ relative to S.
We take the corresponding Cartesian axes of the two frames to be parallel, with the
x- and x"-axes directed due east, the y- and y'-axes directed due north, and the z- and
z'-axes directed vertically upward.
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Figure 1. Frames of reference used to describe the encounter between a passing vehicle
(magnetic source) and a stationary sensor. Reference frame S is at rest with respect to the
earth and sensor, whereas S’ moves with the vehicle at velocity ¥ relative to S. We take the
origin of S’ to lie at the point on the ground directly below the center of the vehicle
(“epicenter”).

We choose time t = 0 to be the instant at which the origins of the two frames
coincide. With this choice, the Galilean transformation relating X, the coordinates
in S of a given point, and X', its coordinates in S’, takes the following simple form:

a4

X'=x—vt. (1)

We also choose t-py = 0, where t-p, is the time at which the vehicle reaches its
CPA to the sensor; frames S and S’ thus coincide at the instant that the CPA is
reached. Finally, we locate the origin of S’ at the point in the horizontal plane of the
sensor that lies directly below the center of the vehicle. Taking our cue from the
terminology used in seismology, we will refer to this point as the epicenter of the
vehicle. Since the sensor will virtually always be situated on the ground, this means
that z = z’ = 0 corresponds to ground level in both frames, the most natural choice
and the choice illustrated in Figure 1. From these choices, it follows that |X,| =
dcpa, Where dqp4 is the distance separating the sensor and the vehicle at their CPA.

The direction of the velocity is specified by the azimuth angle a, which by
convention is measured eastward from true north (or clockwise from the y-axis, as
shown in Figure 2). The truck in Figure 1 thus has an azimuth of zero. The unit
vector in the direction of the velocity of the vehicle, ¥ = ¥/v, is related to the
azimuth by

V==Xsina+jycosa. 2)
Observe that
(a+ n) =—-0(a). 3)



Figure 2 depicts the situation att = t.p, = 0, the instant at which the axes of S and
S’ coincide and the center of the vehicle is at its CPA to the sensor.
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Figure 2.  Top view of the sensor and passing vehicle (magnetic source) at time t = 0, the
moment of closest approach. The z-axis points out of the page. Vectors 7;3(0) and X;’, which
have a nonzero z-component, are represented by their projections on the xy-plane.

The velocity ¥ of the vehicle and the position vector X, of the sensor are mutually
perpendicular in S. This suggests that we define the unit vectors
Xo = Xo/dcpy = Xcosa — Psina 4
and
U=2XZ,. (5)
By construction, the unit vectors (X, @1, 2) form a right-hand triple. They serve as

basis vectors for a particularly convenient coordinate system in which the sensor is
at rest. We define the sign o of the velocity with respect to :

o=0-0=0-(Ex%)=2(%yxD), (6)



so that
v=0ovil. 7

The last equality in Equation 6 follows from the circular shift property of the scalar
triple product.

The quantity ¢ defined in Equation 6 has several equivalent interpretations. For
instance, it indicates whether the unit vectors (X, ¥,2) form a right-hand triple
(o0 = +1) or a left-hand triple (o = —1). Perhaps more germane to our discussion
here, it differentiates between the two possible positions X, of the sensor for a given
¥ and d py, and it is related to the 180° ambiguity in the estimate of the azimuth
angle.!

3. Model

3.1 “Collection of Point Dipoles” Model

Associated with the vehicle are N point dipoles with dipole moments m;,
i =1,...,N, located at the points X; fixed in the vehicle. As the vehicle passes a
three-axis magnetometer located at position X, in frame S (or equivalently, at
Xo(t) = X, — Ut in S"), the sensor registers a time-dependent magnetic flux density
(B-field) that is the superposition of their individual dipole fields:

B - Bopn [3(0-Fi®) Fio®)
B(t)_mzl':l[ |7i0(8)]5 |r1~o(t)|3]' (®)

Here, p, is the permeability of free space, with a measured value equal to the

previously defined value of 4 x 10”7 T m/A to within experimental uncertainty,
and

Tio(t) = Xo(t) — X; = %o — Dt — X ©)
is the vector from the ith dipole to the observation point (sensor); it is represented
in Figure 2 by the blue, dashed arrow. Note that whereas X, and X;(t), the position
vectors of the sensor in the S and S’ frames, respectively, lie in the xy-plane, both
7;o(t) and the dipole position vectors X; have a z-component, and this vertical

component is not indicated in Figure 2; rather, in the “top view” shown in Figure 2,
7;0(0) and X; are represented by their projections in the xy-plane.

We express the time dependence of 75 (t) and X (t) explicitly to emphasize that in
S’, the sensor moves “backwards” with velocity —. This observation suggests an
alternative—and somewhat more general—means of expressing our results: instead
of associating values of the magnetic field with the time t at which they are recorded
by the sensor, we can associate them with the position X, (t) in S’ at which the



sensor is located when the measurement is made, or even, for a fixed path traversed
in S’ by the sensor, by the coordinate s = vt related to the distance traveled by the
sensor along that path. The point is that a plot of magnetic flux density versus the
distance coordinate s defined by the latter prescription is independent of the speed
of the vehicle, whereas a plot of magnetic flux density versus the time coordinate t
given by the former prescription is not.

3.2 Far-Field Approximation: Single-Dipole Asymptotic Model

In most sensing scenarios involving a ground vehicle, the distance x| (t) between
the sensor and the vehicle always far exceeds the maximum dimension L of the
vehicle: its “length.” In this section, we develop an approximate expression for the
B-field recorded by the sensor in this case.

Since all the dipoles associated with the vehicle must lie within it, x; < L for all
i =1,..,N. The distance between sensor and vehicle, x4 (t), is bounded from
below by the distance of closest approach: x(t) = d-ps. We define the small
parameter

§ e L &1, (10)

xo(t) - dCPA

and we express the vector from the ith dipole to the sensor as

Fio(t) = x5(0) (£5(8) — ) = x(D@5(0) = 521 . (11)

xo(t)
with magnitude

rio(®) = xp(0)[1 - 2D+ 0(69)] = xp(O1 - 8 @ (©) 2D +0(6D]  (12)

Here, £3(t) and X/ are unit vectors in the direction of the position X,(t) of the
sensor and of the position X; of the ith dipole, respectively, both with respect to the
moving frame S’. Expanding the expression for the summands on the right-hand
side of Equation 8, we obtain

B@) = o BA[3C, - 20) % — iy ] -
§ [(m; - &) & + (i, - &) &) — (R - &) i + 50, - 2) (%G - &) &p] - (13)
+ 0(6%)}

so to leading order in §,

B(o) = &3(17{ J?('](t)) £0(t) - m
4m [xo(t)]

: (14)

where

m=yN,m. (15)



Thus, we see that if the distance of closest approach of the vehicle to the sensor far
exceeds the vehicle length, the B-field recorded by the sensor is that of a single
point dipole situated at the origin of the moving frame S’, and the dipole moment
of this equivalent point dipole is given by the vector sum of the individual point
dipoles in the original model. Observe that we have chosen the origin of S’ to lie at
the point on the ground directly below the center of the vehicle, whereas all the
individual dipoles lie at some height above the ground; in other words, each dipole
position X; has a positive z-component h;. However, since X;(t) lies in the xy-
plane, the z-component of X; does not contribute to the dot product that appears in
the term on the right-hand side of Equation 12 that is first order in 8. The impact of
the z-component of each ¥/ only is 0(8§2), and the error made by replacing the
“slant line distance” 1y, (t) by its projection on the plane of the ground is negligible
for ;o (t) > L = h;.

3.3 Anderson Function Representation

We proceed by way of the elegant representation originally developed by J.E.
Anderson in the 1940s to efficiently calculate the magnetic anomaly resulting from
submarine moving relative to a ship-based sensor.>® The submarine is represented
as a single magnetic dipole located at the origin of the frame S’. In this formalism,
the time dependence is carried by the three Anderson functions
def 671.

fu(0) = ez € {0,1,2}, (16)

which depend on the dimensionless parameter

9 — vt s (17)

dcpa  dcpa

In the latter equality, s, introduced above in Section 3.1, is the coordinate along the
path traversed by the sensor when viewed from the moving frame S'.

The magnetic anomaly resulting from a single dipole of moment i located at the
origin in S’ is

B(0) = —2—%2_, f,(0) Ay(a) - , (18)

3
4ATtdcpa

where A, (a), n =0, 1, 2, is constant, second-rank tensor that depends only on the
geometry of the encounter, which is completely specified by the azimuth o of the
vehicle. The three tensors may be represented by three traceless 3 x 3 symmetric
matrices that multiply the column vector 71 by ordinary matrix multiplication:



3cos?(a) —1 —3cos(a)sin(a) O
Ao(a) = (—3 cos(a)sin(e)  3sin?(a) —1 0 ) ) (19)
0 0 -1
—sin(2a) —cos(2a) O
Ai(a) =30 (— cos(2a)  sin(2a) 0) , (20)
0 0 0
3sin?(a) =1 3cos(a)sin(a) 0
Az(a) = (3 cos(a)sin(e) 3cos?(a)—1 O ) ) (21)
0 0 -1

We observe that A,,(a) = A,(a + ) forn =0, 1, 2.

Equation 18 shows how the magnetic anomaly registered by the sensor may be
expressed as the sum of three terms, each of which is the product of a factor carrying
the time or distance dependence, a constant factor related to the geometry of the
encounter between the sensor and the magnetic source, and the magnetic moment
of the dipole.

4. Procedure for Estimating Kinematic Parameters

Equations 17-21 provide a method for obtaining estimates of selected parameters
related to the movement of a ground vehicle from time series data of the magnetic
anomaly resulting from the vehicle. From the vertical (z-) component of the
magnetic anomaly data, we first obtain an estimate of the ratio v/d.p, of the
vehicle speed to the distance of closest approach of the vehicle to the sensor. The
value of this ratio is then used to determine the direction of vehicle travel (azimuth
angle a) modulo 180° from the components of the anomaly data in the horizontal
(xy-) plane. Along the way, we also determine the values of three additional
parameters related to the three components of the dipole moment of the vehicle:

b —E i, (22)

= 3
ATtdcpa

but we will make no use of these. The parameters b carry the same physical units
as the magnetic flux density: tesla (SI) or gauss (cgs).

The formidable appearance of Equation 18 notwithstanding, the z-component of
the magnetic anomaly has a surprisingly simple form:

b,

B,(9) = igepre -

(23)

where b, is defined in Equation 22 and the dimensionless “time” parameter 8 =
(v/dcpa) t by Equation 17. Physically, b, is the magnetic flux density measured
by the magnetometer when the vehicle is at its CPA. The maximum value of B, (t)
over the time series provides a preliminary estimate of b,, which is used as a starting
value in a two-parameter nonlinear fit of the time series. This fit yields a final value



of b, as well as the value of the ratio v/d;p,. Observe that the inverse ratio
def

dcpa/v £ T defines the characteristic time scale for the time series.

The expressions obtained from Equation 18 for B, (8) and B,,(8), the components
of the magnetic anomaly in the horizontal plane, are more complicated. Writing s
and c for sin(a) and cos(a), respectively, and applying well-known trigonometric
identities, we have

[(3¢c? — 1)b, — 3csb, | +
B,(0) = [1+ 02]75/2{ 06 —6csb, — 3(c? — s?)b, | + (24)
6%[(3s% — 1)by + 3csb, |

[—3csby + (3s% — 1)by] +
B, () = [1+ 6%]75/2{ 00][—-3(c? — s*)by + 6¢csby| + ¢ . (25)
02[3csby + (3c? — Db,

The estimate of v/d.p4 obtained by fitting Equation 23 to the z-component of the
anomaly time series data is used to convert the independent variable of the x- and
y-components of the anomaly data from ¢t (time) to 6, and the resulting “theta
series” are fit to determine the unknown parameters by, by, and @ using a two-step,
nested procedure. A 1D line search for « is performed, with the value of the “sum
of squared residuals” objective function for each value of a determined by a two-
parameter, linear least-squares fit for b, and b,,. To avoid issues with critical points
that do not correspond to the global minimum of the objective function, the search
for a is performed over the extended range —(7 + €) < a < + &, where € > 0 is
small real parameter. If necessary, the optimal value of « is translated back into the
range 0 < a < m at the conclusion of the procedure.

5. Representative Results

In this section, we employ the methodology described above to estimate a ground
vehicle’s direction of travel (azimuth angle @) modulo 180° and the value of the
ratio v/dp, of the vehicle’s speed to its distance of closest approach to the sensor.
For this purpose, we utilize simulated data sets for which the quantities v, d¢py,
and «a are precisely known, in contrast to data obtained in a field test, where there
is always some uncertainty in both v and d.p, and where the sensor may not be
situated sufficiently far from the path of the vehicle to ensure validity of the far-
field assumption (d-p4 > L) implicit in the model.



5.1 Single Dipole: Passenger Car

Figure 3 shows the results obtained from simulated magnetic anomaly data for a
typical passenger automobile, modeled as a single induced point dipole situated at
the origin of the moving frame S’ and passing a magnetic field sensor at a closest-
approach distance d.p4 of 5 m. In this case, the assumption that the data represent
a single dipole is exact, valid for all values of d;p,, and not merely true
asymptotically at closest-approach distances that are large compared to the
dimensions of the vehicle. In Figure 3a, the vehicle is traveling 15° north of due
east (azimuth 75°) at 10 mph (4.5 m/s); in Figure 3b, it is traveling due east (azimuth
90°) at 25 mph (11.2 m/s); and in Figure 3c, it is traveling 15° west of due north
(azimuth 345°) at 25 mph.

10
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The x-, y-, and z-components of the magnetic anomaly registered by the sensor as
a function of time are represented in Figure 3 by the curves in the brighter shades
of red, green, and blue, respectively, whereas the fits used to estimate v/d p, and
a are represented by curves in darker shades of their respective hues. The former
curves are seen to coincide almost perfectly with the latter, and the procedure
described in Section 4 precisely determines the values of the parameters v/d p4
and a (as well as the values of by, b, and b,, which we do not use directly). The
only exception to this occurs with the simulated data displayed in Figure 3¢, where
the procedure yields an estimated azimuth angle of 165°, instead of the true value
of 345°. This illustrates one of the principal deficiencies of the model: using data
from only a single magnetometer, one cannot determine in which of two
diametrically opposed directions the vehicle is traveling; that is, azimuths of « and
« + m are indistinguishable. However, this ambiguity is easily removed using data
from a second sensor, either a nearby magnetometer or an acoustic sensor, possibly
collocated with the first magnetometer.

5.2 Multiple Dipoles: Tank

We now examine a more complicated example that illustrates the difficulties that
can arise if the far-field assumption is not satisfied. We model the magnetic
anomaly of a main battle tank as a collection of four induced point dipoles
associated physically with the front hull and turret armor, the rear hull and turret
armor, the engine, and the remaining automotive components. Open literature
sources give the length, width, height, and ground clearance of the vehicle as 7.05,
3.89, 2.73, and 0.49 m, respectively. We take the dipoles to be situated along the
center line of the vehicle at various heights above the ground, and we assume that
it travels due east (true azimuth a = 90°) at 25 mph.

Table 1 assembles the estimates and ground truth values of v/d.p, and a for
various values of d:p4, the distance of closest approach of the vehicle to the sensor:
5, 10, and 20 m. In addition, Table 1 provides the minimum value of SSE, the sum
of squared residuals in the fit of the horizontal anomaly components used to obtain
the estimate of a. Figure 4 displays the x-, y-, and z-components of the simulated
magnetic anomaly data corresponding to the closest-approach distances in Table 1,
together with plots of the single-dipole fits used to determine the parameter
estimates appearing in the table. The color scheme used to identify the various
curves in Figure 4 is identical to that used in Figure 3.

12



Table 1. Kinematic parameters derived from simulated magnetic anomaly data of a tank.

dCPA S5m 10 m 20 m

Estimated v/d¢p, st 199 111 057
True v/dcpy st 224 112 056
Estimated azimuth ¢ deg 14 85 90
True azimuth a deg 90 90 90
SSE nT? 3650 125 0.422

It is clear from Table 1 that unless the sensor is situated at least one vehicle length
(and ideally, several vehicle lengths) from the path of the passing vehicle, the
estimates of v/d.p, and a obtained from the procedure of Section 4 may be

inaccurate.
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Figure4. (a—c) Components of the simulated magnetic anomaly of a tank traveling 25 mph
eastward past a sensor at various distances d.p, of closest approach (brighter hues) with fits
used to estimate &« modulo 180° and the ratio v/d p, from the data (darker hues).
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5.3 Effect of Random Noise: Tank

The preceding examples demonstrate that as long as the target vehicle is sufficiently
far from the sensor (multiple vehicle lengths at CPA), the procedure described in
Section 4 accurately estimates the ratio v/d.p, and the azimuth angle ¢ modulo
180°—at least when it is applied to smooth, simulated data. The simulated data in
Figure 5 were obtained from those in Figure 4c by the addition of N(0,0)-
distributed white noise, where ¢ = 0.1b, = 0.19 nT. Applied to these noisy data,
the procedure continues to provide accurate estimates of v/d-p, and a. The
presence of noise in the data is reflected in SSE, the minimum value of the objective
function used to simultaneously fit the horizontal components of the simulated data
and obtain the least-squares estimate of a: 71.3 nT? for the fits in Figure 5, versus
0.422 nT? for those in Figure 4c. The color scheme used to identify the various
curves in Figure 5 is the same as that used in Figures 3 and 4.
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FigureS. Jagged red, green, and blue lines indicate the x-, y-, and z-components,
respectively, of the simulated magnetic anomaly of a tank traveling 25 mph eastward past a
sensor at dcps = 20 m. The simulated anomaly data include additive Gaussian white noise.
The smooth lines in darker shades of their respective hues indicate the corresponding fits used
to estimate @ modulo 180° and the ratio v/dp, from the data.
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6. Conclusion

We consider the case of a small, low-cost unattended ground sensor (UGS)
emplaced in an area in which surveillance is desired. In the most common sensor
emplacement scenario, the UGS will be deployed along a roadway at a relatively
low density. To make the UGS less conspicuous to drivers of passing vehicles and
to avoid roadside features (e.g., drainage ditches) that might impair sensor function,
the UGS will ideally be emplaced near—but not precisely at the side of—a road.
Thus, it is likely that most sensors will be sufficiently distant from the passing
vehicles that the far-field approximation is valid and the estimates of v/d.p, and
a provided by the model are accurate, even in the presence of significant noise.

The magnetic anomaly due to an object varies as the inverse cube of the distance
between the object and the observation point. This fundamental physical fact, in
combination with the limited sensitivity of low size, weight, and power magnetic
field sensors, sets the upper bound on a window of CPA distances at which sensors
should be deployed for the methods described here to be successfully applied: dp4
must be large enough (at least one—ideally several— vehicle lengths) for the far-
field assumption of the model to be valid, but not so large that the signal recorded
by the magnetometer is completely lost in noise.

Of course, in the presence of a roadway, the ability to determine a vehicle’s
direction of travel modulo 180° in general provides little marginal utility, since in
virtually all cases the vehicle will travel on the road, and its azimuth modulo 180°
is simply that of the road itself and can be determined from a map. That said,
reliable indications that a vehicle is not proceeding along an existing road, but
rather is traveling off-road in a different direction, could represent extremely high-
information-value intelligence indeed.

It may be that the kinematic parameters derived from magnetic anomaly time series
data by the methods described here will prove to be most useful in corroborating
estimates obtained using other sensor modalities (e.g., acoustic). Provided certain
conditions are met, these parameter estimates are quite accurate, and the magnetic
anomaly measurements on which they are based are virtually impervious to
spoofing.
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1D one-dimensional
CPA closest point of approach
UGS unattended ground sensors
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