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1. Introduction

Signals in the tactical arena are of many kinds and vary in their characteristics across
a wide range, for example, communication, sensing, radar signals, etc. Signal
processing approaches applicable to these signals use either discrete- or continuous-
time (CT) sampling. The last approach is based on continuous time,'™ which is
relatively new. It has shown distinct advantages in digital signal processing (DSP),
analysis of physiological signals such as electrocardiograms,>® and reconstruction
of level-crossing (LC) signals.”® The last problem of reconstruction has been
investigated extensively using numerical techniques.’ '3

In a previous study, I gave an analytical approach to calculate the LC of these
signals.'* In this work, I present an alternative and computationally more accurate
method.

2. Convolved Asinc for Uniform Sampling

The discrete time DSP (DT-DSP) is the standard approach to signal processing. It
uses ideas of Nyquist rate, sinc (short for cardinal sine) functions, etc. For DT, the
uniform signal can be characterized by sy (kT), with & as an integer, and T as the
sample spacing.

The following relation connects a DT signal §[n] to a corresponding uniformly
sampled CT signal s(t):

s(t) = XNZ5 gIn] h(t — nTy) (1)

The analytical 4-function depends on the nature and properties of the signal. For
the uniform time instants in h(t,,), we have t,, = t — nT , where T is the sampling
period. Mathematical considerations lead to a specific function known as aliased
cardinal sine, or asinc function. It was successfully used in the recently developed
progressive asinc reconstruction (PAR) algorithm’® using periodic windows.

The expressions for the convolved asinc signal and its slope are given below for
later comparison with the nonuniform case.

2.1 Convolved Asinc Signal

The asinc functions are used in the reconstruction of the CT signals from DT
signals. They are the basis of the digital-to-analog conversion (DAC) of the signals.
They are also known as LC-sampled (LCS) signals.

Given the fundamental frequency w,, the waveform period is



Ty = (2m/w,) 2)
and sample spacing is
Ty == (3)

such that Ty < (T/Wpmayx), and Wypey s the maximum frequency of the waveform.
The signal is represented as (with a = Tl):
P

s(t) = Xn=o §ln] h(tn) )

Here, g[n] is the signal amplitude at n-th instant and
h(t) = %sin(N at) cot(at) (5)

For uniform sampling t,, = t — nT, and so we have
s(6) = £N=4 §ln] At — nTy) = 2 5N=4 Gln] sin(Na(t - nTy)) cot(a(t — nTy))  (6)

Sometimes, the signal is expressed in a different but equivalent way. Let a = Tl,
N
then for even NV:

cos (t/Ty)

_ (1 . _ (1)cos (at/N) .
h(t) = (N) sin (mt/Tp) sin (wt/Ts) = (N) sin (at/N) sin (at) )

So, the signal becomes

-1 A 1 ((at—nm)/N) _.
s(t) = ZNZ3 gIn] (5) Sl sim(at — n) 8)

Figure 1 shows the periodic nature of this signal.

periodic nature of convolved asinc

2.50
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2.00
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Figure 1.  Illustration of the periodic nature of the convolved asinc function with the
periodicity in time = 10.002.



2.2 Slope of the Convolved Asinc Signal

Equation 6 is used to calculate the slope of the signal:

ds(®) —1 A d
"~ 2 = Y23 §ln] S h(t — nTy) ©)
using
% h(t) =a [cos(Nat) cot(at) — %sin (Nat)cosecz(at)] (10)

The final expression for the slope becomes

dz(tt) = %Zﬁ;& g[n] [N cos(Na(t — nTy)) cot(a(t — nTy)) — sin (Na(t — nT))cosec?(a(t — nTy))] (11)

At t = mT,, we get
d

L h(mTy) = a(-1)"cot (%), m = 1,..,N (12)

= h(mTy) = 0 form =0 (13)

This expression facilitates PAR reconstruction.
3. Lagrangian Polynomials Nonuniform Sampling

The CT-DSP signals are sampled at the exact times when the signal amplitude
reaches a preset value. This event is called “Level Crossing.” The corresponding
time values are not equally spaced and have a nonuniform time distribution. It is
not straightforward to convert these pairs of amplitude—time pairs and reconstruct
a continuous signal.

The signal amplitude level for LC at nonuniform time t,is s¢r(t,) = g[n]. The
following relation connects g[n] to a corresponding CT signal s(t) for the
nonuniform case.

s(t) = ¥nZo g[n] h(t,) (14)

The analytical A-function depends on the nature and properties of the signal. For
nonuniform LC instants t,, there is no standard approach comparable to uniform
sampling for determining h(t,). Methods like sinc,'! sinh!® interpolations, and
others'®!? have been tried and suggested with varying degrees of success. The
Lagrange polynomials used as interpolation functions are better known among
them and have been chosen for the current work.



3.1 Expression for the Reconstructed Signal from Lagrangian
Interpolation

The continuous signal obtained from N-point Lagrangian interpolation formula can
be expressed as

_ yvN-19[n] Ly@)
S(t) - 4n=0 dp (t—tp) (15)

Here , g[n] is the signal amplitude corresponding to the nonuniform times t,,, and

% = (t—to) o (t = tp_)(t = tpyr) - (E— ty_q) (16)
dyp = (ty — to) . (tn — ta—) (tn — tagr) - (G — ty—1) (17)

Note that for the term containing g[n], numerator lacks (t —t,), and in the
denominator ¢ is replaced by t,. In the rest of the report, we will use N = 6.
Let

G, =2 (18)

Then, expanding the above, we get six terms as

s(t) = Go(t —t)(t —t)(t —t3)(t — )t —t5) + G (t — to)(t — t)(t — t3)(t — t)(t — t5)
4G, —to)(t -t —ta)(t —t )t —t5) + Gt — o)t —t)(t — )t — ¢ )(t — t5)
+G,(t = tg)(t — t)(t — t)(t — t3)(t — t5) + Gs(t — to)(t — t)(t — )t — t5)(t — t,) (19)

Define a general function to help write the above in a condensed form.

Dapea(t) = (t — ta) (¢ — tp) (¢t — t)(t — tq) (20)
Then the Lagrangian interpolation signal expression above is rewritten as

s(t) = [GoD1234(t) + G1Dgp34(t) + G2Dg134(t) + G3Dg124(t) + G4Dg123(t)]
(t — ts) + GsDo123(t)(t — t4) (21)

After expanding the denominators, the above expression takes the following final
form.
_ (t=t)(t—tx)(t—t3)(t—t4)(t—ts5) (t=to)(t—tz)(t=t3)(t—t4)(t—ts)
S(t) - g[O] (to—t1)(to—t2)(to—t3)(to—ta)(to—ts5) + [1] (E1—to)(t1—t2)(t1—t3)(E1—ty)(t1—t5)
(t=to)(t—t1)(t—t3)(t—t4)(t—t5) [ ] (t=to)(t—t1)(t—t)(t—t4)(t—ts5)
(t2—to)(t2—t1)(t2—t3)(t2—t4)(t2—ts5) (t3—to)(t3—t1)(t3—t2)(t3—ts)(t3—ts)
(t=to)(t—t1)(t—tx)(t—t3)(E—t5) [5] (t=to)(t—t1)(t—t2)(t—t3)(E—t4) (22)
(ta—to)(ta—t1)(ta—t2)(t4—t3)(ts—ts5) (ts—to)(ts—t1)(ts—t2)(ts—t3)(ts—t4)

+g(2]

+gl4]

This quintic polynomial for six chosen LC instances is used for further
computations.



3.2 Expression for the Slope of the Lagrangian Interpolation
Signal

The slope for the interpolation curve is obtained by a simple differentiation.
ds(t) _ yn-19[nl d [Ln(®)
e [(t—tn) (23)
Using the D4 (t) defined earlier, we get

ds(t)
dt

= (G4 + G5)Dp123(t) + (G3 + G5)Dg124(t) + (G3 + G4)Dy125(t)+(G, + G5)Doy34(t)

+(G, + G4)Dg135(t) + (G + G3)Do145(t)+(Gy + G5)Dgz34(t) + (G + G4)Dgy35(t)
+(G1 + G3)Dg245(t)+(Gy + G2)Do3za5(t) + (G + G5)D1234(t) + (G + G4)D1235(t)

+(Go + G3)D1245(t) + (Go + G2)D1345(t) + (Go + G1)Dy345(t) (24)

4. Computational Results

The computational results presented here give full comparison between the input
asinc curve and its Lagrangian interpolation in two segments.

We have the following input for the convolved asinc:
LC values: (g[0], §[11, g2, g[3], g[4], g[5]) = (1.2,0.9,2.3,2.5,2,1.9)
Corresponding time values: (0, 1.667, 3.333, 5, 6.667, 8.333, 10)

There are 12 LC points on this function divided into two groups of 6 LC points
each.

4.1 First Six LC Intersection Points

4.1.1 Lagrangian Interpolation Input
Time values are obtained by inverse calculation from the convolved asinc function

given above. They are as follows:

(time, LC): (0.5615, 0.9), (2.1164, 1.2), (2.4505, 1.5), (2.76, 1.8), (3.084, 2.1)
(3.4822, 2.4)

4.1.2 Function Plots

Figure 2 shows the Lagrangian interpolation results for the first six points. The
Lagrangian curve reproduces the original signal quite faithfully.
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Figure2.  Convolved asinc function and its Lagrangian interpolation for the first six points.

4.1.3 Slope Values

Table 1 shows the original and calculated slope values. They are almost the same
except for the first point.

Table 1.  Slopes of the convolved asinc and corresponding Lagrangian interpolation at LC
points.

t-value Convolved .Lagranglfln
for the LC asinc slope interpolation
slope

0.5615 —0.42526 —0.34025
2.1164 0.82206 0.82193
2.4505 0.95422 0.95417
2.76 0.966407 0.966401
3.084 0.86716 0.86751
3.4822 0.62164 0.62082

4.1.4 Slope Plots

Figure 3 gives the slopes of the original and Lagrangian interpolation results.
They differ a little in the beginning but soon become indistinguishable.
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Figure 3.  Slopes of the convolved asinc and Lagrangian interpolation functions for the first
six points.

4.2 Last Six LC Intersection Points

4.2.1 Lagrangian Interpolation Input

Time values are obtained by inverse calculation from the convolved asinc function
given above. They are as follows:

(time, LC): (0.5615, 0.9), (2.1164, 1.2), (2.4505, 1.5), (2.76, 1.8), (3.084, 2.1)
(3.4822, 2.4)

4.2.2 Function Plots

Figure 4 shows the Lagrangian interpolation results for the last six points. The
Lagrangian curve reproduces the original signal quite faithfully.
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Figure 4. Convolved asinc function and its Lagrangian interpolation for the last six points.
4.2.3 Slope Values
Table 2 shows the original and calculated slope values for the last six points.

Table 2.  Slopes of the convolved asinc and corresponding Lagrangian interpolation at the
last six LC points.

t-value Convolved .Lagranglfm
for the LC asinc slope interpolation
slope
5.2731 —0.38237 —0.38365
6.1469 —0.25922 —0.25464
8.7906 —0.30067 —0.30579
9.4894 —0.54391 —0.54096
10.002 —1.19843 —0.60274
10.5635 —0.42526 —0.40509

4.2.4 Slope Plots

Figure 5 gives the slopes of the original and Lagrangian interpolation results for the
last six points. They follow one another quite faithfully.
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Figure S.  Slopes of the convolved asinc and Lagrangian interpolation functions for the last
six points.

4.3 Discussion

The Lagrangian interpolation gives very satisfactory fits to the chosen convolved
asinc function. The slope values are almost the same as well. This gives confidence
that this method is a good alternative to other methods, e.g., PAR.

5. Conclusions and Future Directions

In this work, the Lagrangian interpolation method is used to obtain a CT envelope
for LC signals. The reconstructed signal compares favorably with other similar
methods,!* especially regarding slope values. In the future, this method will be used
for progressive reconstruction of LC signals.
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asinc
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DSP
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LCS
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