ARL-TR-9688 ¢ MAY 2023

[BEvecom

A Large Deformation Multiphase Continuum
Mechanics Model for Shock Loading of Lung
Parenchyma. Part Ill: Numerical Simulations

by Zachariah T Irwin, Richard A Regueiro, and
John D Clayton

Approved for public release; distribution is unlimited.



NOTICES

Disclaimers

The findings in this report are not to be construed as an official Department of the

Army position unless so designated by other authorized documents.

Citation of manufacturer’s or trade names does not constitute an official endorse-

ment or approval of the use thereof.

Destroy this report when it is no longer needed. Do not return it to the originator.



ARL-TR-9688 e MAY 2023

Z DEVCOM

A Large Deformation Multiphase Continuum
Mechanics Model for Shock Loading of Lung
Parenchyma. Part Ill: Numerical Simulations

Zachariah T Irwin
University of Colorado, Boulder

Richard A Regueiro and John D Clayton
DEVCOM Army Research Laboratory

Approved for public release; distribution is unlimited.



REPORT DOCUMENTATION PAGE o A g

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing the collection information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing
the burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-
4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a
currently valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
May 2023 Technical Report January 2022-March 2023
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

A Large Deformation Multiphase Continuum Mechanics Model for Shock Loading

of Lung Parenchyma. Part III: Numerical Simulations Sb. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
Zachariah T Irwin, Richard A Regueiro, and John D Clayton

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT
DEVCOM Army Research Laboratory NUMBER
ATTN: FCDD-RLA-TB ARL-TR-9688

Aberdeen Proving Ground, MD 21005-5066

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)

11. SPONSOR/MONITOR'S REPORT NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT
Approved for public release; distribution is unlimited.

13. SUPPLEMENTARY NOTES
ORCID ID: John Clayton, 0000-0003-4107-6282

14. ABSTRACT
Simulations obtained from a 1-D numerical implementation of a finite-strain theory of a biphasic mixture are reported. The

theory includes coupled pore fluid flow and solid skeleton deformation for a soft porous material applicable to high strain-rate
dynamic loading. The constitutive model is non-linear elastic and accounts for the compressibility of the pore air. General
features of the constitutive description are specialized for an application to shock loading of lung parenchyma. This report
focuses on representative numerical simulations of the lung, invoking the 1-D finite element formulation of the multiphase
theory and nonlinear constitutive models. Verification studies and predictive simulations for dynamic deformation of the lung
are reported. Shock wave-type loadings are of prominent interest in this document, which is the third in a series of three reports.

15. SUBJECT TERMS

theory of porous media, soft tissue mechanics, shock waves, lung, Sciences of Extreme Materials, Terminal Effects

16. SECURITY CLASSIFICATION OF: 17. LIMITATION 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
) ’ OF OF John D Clayton
ABSTRACT PAGES
a. REPORT b. ABSTRACT c. THIS PAGE 19b. TELEPHONE NUMBER (Include area code)
Unclassified Unclassified Unclassified uu 113 410-278-6146

Standard Form 298 (Rev. 8/98)
Prescribed by ANSI Std. 7Z39.18

i



Contents

List of Figures \'}
List of Tables viii
Acknowledgments X
1. Introduction 1
1.1  Background 1
1.2 Geometric Model 3
1.3 Organization 5
2. 1-D Kinematics 6
3. Differences Between LS-DYNA Model and Multiphase Model 6
4. Verification 9
4.1  Elastodynamics 9
4.2 Poroelasticity 15
4.3 Poroelastodynamics 18
5. Shockwave Loading of the Lung 24
5.1  Effects of Shock Bulk Viscosity 24
5.2  Effects of Pressure Stabilization 30
5.3 Comparison of Single-phase and Multiphase Models 34
6. Conclusions 44
7. References 47
Appendix A. Derivation of Gateaux Derivatives 52
Appendix B. Derivation of Linearized Equations 58

Appendix C. Derivation of the Finite-Element (FE) Equations 71

1l



List of Symbols, Abbreviations, and Acronyms

Distribution List

v

29

101



List of Figures

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

1

10

11

Schematic for a cylindrical mesh used in the 1-D uniaxial strain
simplification, where the Q2-Q2-P1 element is highlighted. Here, d
corresponds to the interpolated solid skeleton (s) displacement solution,
d; corresponds to the interpolated pore fluid (f) displacement solution, and
0 corresponds to the interpolated pore fluid pressure solution at their
respective nodes in the FE model. ..............c.ooiiiiiii 3

Schematic for a rectangular mesh used in the 1-D uniaxial strain
simplification, where the Q2-Q2-P1 element is highlighted. Here, d
corresponds to the interpolated solid skeleton (s) displacement solution,
d; corresponds to the interpolated pore fluid (f) displacement solution, and
6 corresponds to the interpolated pore fluid pressure solution at their
respective nodes in the FE model. ... 4

a) Traction application and b) schematic of column mesh for the
elastodynamics verification example...........coovviiiiiiiiiiiiiiinien.. 13

Results for the displacements for the elastodynamics verification. Here,
QI elements were used in the Python implementation and Q8 elements
were used in LS-DYNA, by default, with mesh size h§ = 1 m. Symbols
are identified in the mini-table below. ..............c.ooooiiiiiiii i 14

a) Traction application and b) schematic of column mesh for the
poroelasticity verification example ............cccooviiiiiiiiiiiiiiii 16

Porous layer with uniform step load: vertical displacement-time history at
topmost node for mild load ¢t§ =40kPa ... 17

Porous layer with uniform step load: vertical displacement-time histories
at topmost node for severe loads t§ = 2,4, and 8 MPa...................... 17

a) Traction application and b) schematic of column mesh for the
poroelastodynamics verification example ............c.coeviiiiiiiiiininnn... 19

Verification results for the numerical approximation to the de Boer
analytical solution. All element types are stable (i.e., Q2-P1 or Q2-Q2-P1
depending on the formulation). Symbols are identified in the mini-table

Comparison between two different mesh resolutions for multiple
integrators demonstrating the importance of finer meshes in resolving the
pore fluid displacement. Symbols are identified in the mini-table below. 22

Relative solid skeleton displacement error (logarithmic scale) att = 0.2 s
for fixed At = 10768 .o 23



Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

12

13

14

15

16

17

18

19

20

a) Yen impulse traction application b) Friedlander impulse traction
application c) schematic of column mesh for an example on shock
viscosity for a column of single-phase/elastodynamic lung parenchyma,
highlighting the Q1 element. Note that element size A{ is not to scale in

Comparison of elastodynamical response to Yen impulse loading for peak
overpressure of 50 kPa with element size 1§ = 1 cm for a) simulations
without shock viscosity enabled b) shock viscosity set to default values 27

Comparison of elastodynamical response to Yen impulse loading for peak
overpressure of 50 kPa with element size 1§ = 0.1 cm for a) simulations
without shock viscosity enabled b) shock viscosity set to default values 27

Comparison of elastodynamical response to Friedlander impulse loading
for peak overpressure of 25 kPa with element size 1§ = 1 cm for a)
simulations without shock viscosity enabled b) shock viscosity set to
default values .......ovviiiii e 28

Comparison of elastodynamical response to Friedlander impulse loading
for peak overpressure of 25 kPa with element size 5 = 0.1 cm for a)
simulations without shock viscosity enabled b) shock viscosity set to
default values ......oovvniiii e 28

The effect of changing the shock viscosity coefficients Cj and C for the
Yen impulse at peak overpressure of 50 kPa; here, all simulations were
conducted using a neo-Hookean hyperelastic material (UMAT 45) in
LS-DYNA with h§ = 0.1 cm ...oiiiiiiiiii e, 29

The effect of changing the shock viscosity coefficients Cj and C for the
Friedlander impulse at peak overpressure of 25 kPa; here, all simulations
were conducted using a neo-Hookean hyperelastic material (UMAT 45) in
LS-DYNA with A§ = 0.1 Cm ..ceooiiiiiiiii e, 29

a) Yen impulse traction application b) Friedlander impulse traction
application c) schematic of multiphase column mesh for examples of lung
parenchyma deformations, highlighting the Q1-P1 element. Note that
element size h§ iSnot to scale INC). .....oovvviiiiiiiiiiiiiiii 31

Comparison of lung parenchyma displacements undergoing overpressure
loading from the Yen impulse at 15 kPa between the multiphase model,
using RKFNC numerical time integration with consistent mass matrices,
tracking the nodes at the top of the column for varying values of o/,
Here, we invoke a Q1-P1 element with hf = 1 cm................o. 32

vi



Fig. 21

Fig. 22

Fig. 23

Fig. 24

Fig. 25

Fig. 26

Fig. 27

Comparison of lung parenchyma displacements undergoing overpressure
loading from the Friedlander impulse at 15 kPa between the multiphase
model, using RKFNC numerical time integration with consistent mass
matrices, tracking the nodes at the top of the column for varying values of
o Here, we invoke a Q1-P1 element with hi=1lcm.................... 32

Comparison of lung parenchyma pressure p%, and pore fluid pressure ps
after overpressure loading from the Yen impulse at 15 kPa between the
multiphase model, using RKFNC numerical time integration with
consistent mass matrices, tracking the Gauss points at the top of the
column for varying values of o**°. Here, we invoke a Q1-P1 element with
hi =1cm, and K = 7.5 kPa is the bulk modulus of the solid skeleton. 33

Comparison of lung parenchyma pressure p}, and pore fluid pressure pg
after overpressure loading from the Friedlander impulse at 15 kPa
between the multiphase model, using RKFNC numerical time integration
with consistent mass matrices, tracking the Gauss points at the top of the
column for varying values of o*®°. Here, we invoke a Q1-P1 element with
hi =1 cm, and K = 7.5 kPa is the bulk modulus of the solid skeleton. 33

a) Yen impulse traction application b) Friedlander impulse traction
application c) schematic of multiphase column mesh for examples of lung
parenchyma deformations, highlighting the Q2-Q2-P1 element. Note that
element size hf is not to scale iN C). .......coeviiiiiiiiiiii, 35

Comparison of lung parenchyma displacements undergoing overpressure
loading from the Yen impulse at 15 kPa between a) the single-phase and
multiphase models tracking the nodes at the top of the column, and b) the
multiphase models tracking the nodes at the middle of the column with
and without stabilization methods. Without shock viscosity () and
pressure stabilization o*®, we invoke a Q2-Q2-P1 element; with shock
viscosity ) where Cy = 1.5, Cy = 0.06 and pressure stabilization where
a*® = 1071% we invoke a Q1-Q1-P1 element. ..................cceevunnn.n. 36

Comparison of lung parenchyma displacements between the single-phase
and multiphase models undergoing overpressure loading from the Yen
impulse at 50 kPa tracking the nodes at a) the top of the column and b) the
middle of the column. Here, shock viscosity with Cy = 1.5, C; = 0.06
and pressure stabilization for the multiphase model with o’ = 10710
have been enabled. ..........ooooiiiiiiii 37

Overpressure loading from the Yen impulse at 50 kPa showing a)
differences in displacements of solid skeleton lung parenchyma vs. pore
air b) differences in accelerations of solid skeleton lung parenchyma

vs. pore air and ¢) zoomed-in version of b). Here, shock viscosity with

Cy = 1.5,y = 0.06 and pressure stabilization for the multiphase model
with 0% = 107!% have been enabled...................cceeeeiieeeiiieeiinnn.. 38

Vil



Fig. 28 Overpressure loading from the Yen impulse at 50 kPa showing a
comparison of a) the total pressure between the single-phase and
multiphase model, as well as the distinct lung parenchyma and pore air
pressures for the multiphase model, all of which are normalized by the
single-phase bulk modulus K = 213 kPa, and b) the total Cauchy stress
between the single-phase and multiphase model, as well as the lung
parenchyma Cauchy stress for the multiphase model. Here, shock
viscosity with Cy = 1.5, C'; = 0.06 and pressure stabilization for the
multiphase model with o**® = 107!° have been enabled. .................. 39

Fig. 29 Comparison of lung parenchyma displacements undergoing overpressure
loading from the Friedlander impulse at 15 kPa between a) the
single-phase and multiphase models tracking the nodes at the top of the
column, and b) the multiphase models tracking the nodes at the middle of
the column with and without stabilization methods. Without shock
viscosity () and pressure stabilization a*®°, we invoke a Q2-Q2-P1
element; with shock viscosity () where Cy = 1.5, C'; = 0.06 and pressure
stabilization where a®®® = 107!°, we invoke a Q1-Q1-P1 element. ...... 40

Fig. 30 Comparison of displacements of solid skeleton lung parenchyma between
the single-phase and multiphase models undergoing overpressure loading
from the Friedlander impulse at 25 kPa tracking the nodes at a) the top of
the column and b) the middle of the column. Here, shock viscosity with
Cy = 1.5,y = 0.06 and pressure stabilization for the multiphase model
with 0% = 107!% have been enabled...................cceoeiiieeiiiiineiinnn.. 40

Fig. 31 Overpressure loading from the Friedlander impulse at 25 kPa showing a)
differences in displacements of solid skeleton lung parenchyma vs. pore
air b) differences in accelerations of solid skeleton lung parenchyma
vs. pore air and ¢) zoomed-in version of b). Here, shock viscosity with
Cy = 1.5, = 0.06 and pressure stabilization for the multiphase model
with o*® = 107! have been enabled. ..............coeeeriiiiiieeeiiiiinnnnn... 41

Fig. 32 Overpressure loading from the Friedlander impulse at 25 kPa showing a
comparison of a) the total pressure between the single-phase and
multiphase model, as well as the distinct lung parenchyma and pore air
pressures for the multiphase model, all of which are normalized by the
single-phase bulk modulus K = 213 kPa, and b) the total Cauchy stress
between the single-phase and multiphase model, as well as the lung
parenchyma Cauchy stress for the multiphase model. Here, shock
viscosity with Cy = 1.5, C; = 0.06 and pressure stabilization for the
multiphase model with o*® = 1071% have been enabled. .................. 42

Fig. 33 Time steps over the course of the Friedlander shock loading example at 25
KPa OVEIPIESSUIE ...euvtinieitiii et e 44

viil



List of Tables

Table 1 Material parameters for elastodynamics verification example............ 13
Table 2 Geometrical and loading parameters for elastodynamics verification

1o €21 111 0] [P 13
Table 3 Material parameters for the poroelasticity verification example ......... 15

Table 4 Geometrical and loading parameters for the poroelasticity verification
(o 21111 0] (= 15

Table 5 Material parameters for the poroelastodynamics verification example . 18

Table 6 Geometrical and loading parameters for the poroelastodynamics
verification example...... ... 18

Table 7 Material parameters for an example on shock viscosity for a column of
single-phase, elastodynamic lung parenchyma. Values taken from
Clayton et al. ......ooieiniiii 25

Table 8 Geometrical and loading parameters for an example on shock viscosity
for a column of single-phase, elastodynamic lung parenchyma........... 25

Table 9 Material parameters for multiphase lung parenchyma simulations. Values
taken from Clayton et al. and Lande and Mitzner. .......................... 30

Table 10 Geometrical and loading parameters for multiphase lung parenchyma
SIMUIATIONS ... ouiviti i 30

Table 11 Material parameters for multiphase lung parenchyma simulations. Values
taken from Clayton et al. and Lande and Mitzner. .......................... 34

Table 12 Geometrical and loading parameters for multiphase lung parenchyma
SIMUIALIONS .. e ettt 34

Table 13 Computational cost of de Boer simulations for element length /5 = 1 m.
“N/A” denotes that simulation did not finish. Implicit time-stepping
schemes used fixed A = 1074 S. .oovuiiiiieeiiiiiiiiie e 43

Table 14 Computational cost of Friedlander impulse simulations for element
length Aj = 1 mm at 15 kPa overpressure. “N/A” denotes that simulation
did not finish. Implicit time-stepping schemes used fixed At = 107 5.43

1X



Acknowledgments

The authors acknowledge support from the Army Research Directorate of the US
Army Combat Capabilities Development Command (DEVCOM) Army Research
Laboratory (ARL). R Regueiro acknowledges support from a Joint Faculty Ap-
pointment at ARL. Z Irwin acknowledges the Department of Defense SMART
scholarship program for doctoral students. This work utilized resources from the
University of Colorado Boulder Research Computing Group, which is supported
by the National Science Foundation (awards ACI-1532235 and ACI-1532236), the
University of Colorado Boulder, and Colorado State University. This work was sup-
ported in part by high-performance computer time and resources from the DoD

High Performance Computing Modernization Program.

This report encompasses and extends research recently submitted in abbreviated
form by the authors in a refereed article” to the International Journal for Numerical
Methods in Engineering (2023).

“Irwin Z, Clayton J, Regueiro R. A large deformation multiphase continuum mechanics model
for shock loading of soft porous materials. International Journal for Numerical Methods in Engi-
neering. Forthcoming 2023.



1. Introduction

1.1 Background

The current work numerically simulates the 1-D poroelastodynamics as a shock
wave propagates through the lung parenchyma, at the mesoscopic level. At high
rates of strain, such as those rates induced by a shock wave, the elastin fibers in
the parenchyma are prone to rupture,! and the remaining stress response perco-
lates through the collagen fibril networks as the collagen fibers extend to their un-
coiled lengths. This increases the stress response of the entire lung parenchyma.’
The complex roles that collagen and elastin fibers play in the dynamics of the lung
parenchyma are discussed by Freed et al.! Dynamic influences of the bronchiole
tubes, which are stiffer than the parenchyma, on the response of impacted lung have
been recently observed in experiments by Brannen et al.® In the context of trauma
and loss of biological function, mechanical forces that act upon the extra-cellular
matrix (ECM), in which the collagen and elastin fibers reside, can induce the secre-
tion of growth factors that accelerate ECM remodeling and alter the microstructural

composition of the fiber networks.*

The theory of porous media (TPM) is an approximation to a more computation-
ally expensive fluid-structure interaction (FSI) model at the pore length scale. In
TPM, interactions are smeared across a continuum material point, simplifying not
just the governing mathematical equations but the discretization of the geometry
itself. Mixture theory was first established at finite strain by Truesdell and Toupin.’

Subsequent works by Bowen®® and others®!!

applied this rich continuum theory to
porous media (i.e., TPM). Using analytical techniques rather than numerical sim-
ulations as in the present work, shock waves in mixtures were studied by Bowen,
Chen, and Wright!?>-'® and more recently, by Clayton.!” Numerical methods allow
for solution of more complex governing equations, more general loading protocols,

and more sophisticated constitutive equations.

In the current program,'®!”

we incorporate TPM with advanced numerical meth-
ods to consider the different response times of the two constituents in the lung
parenchyma subjected to shock loading: solid skeleton (s) (lung parenchyma) and
the pore fluid (f) (air) that occupies the pore space. Outcomes of the current program
of research are intended to be used to inform macroscopic, single-phase models of

the lung for 3-D modeling of much larger domains.?*-%



Shock waves induce large pressure gradients that are thought to directly cause mi-
crostructural tearing of the lung parenchyma leading to hemorrhaging.?6-?® Injury
propagations through the lung parenchyma at the ultrastructural (tissue fibers) and
microstructural (air sac) levels are not well understood and constitute active ar-
eas of research."?? The fine-scale approach initiated by Freed et al.' to model the
microstructure necessitates a multiscale model of the whole lung tissue, which in-

cludes the highly heterogeneous structure of the lung parenchyma.

Research is needed to accurately simulate the deformation of lung parenchyma us-
ing a multiphysics approach, before addressing damage and injury pathology at the
microscale (i.e., alveolar regime) and linking that to the mesoscale (i.e., parenchy-
mal regime). Resolution of heterogeneous microstructures would require represen-
tation by a detailed 3-D finite-element (FE) mesh to model the explicit FSI. Reso-
lution could be possible via computational fluid dynamics-computational solid me-
chanics with arbitrary Lagrangian-Eulerian modeling. Such costly software frame-

works are outside the current scope of research.

This report exercises the variational equations of TPM for balances of mass and

linear momentum for a biphasic mixture at large deformations through the FE im-

plementation of the previous report.!” See Irwin et al.!® for notation that is consis-

tently used throughout this report and the other two reports.'®! The biphasic model

is subject to the following assumptions'®!%?:

* saturated solid-fluid mixture: * mixed constituent temperatures:
ns+nf =1, 0°=0' =0,

* materially incompressible solid: + 110 thermo-mechanical coupling:

sR __
p> = const., V=0, A =0,

e materially compressible pore
* nearly-inviscid pore fluid:

fluid, ;
op~0,
* no mass production:
A% =0, * neo-Hookean constitutive model

) for the solid (s) constituent
* non-polar materials:

_ T T .
o = (0%)", * dissipative viscosity for shocks in

e uniform gravitational body force: solid material

b*=b=g,



top Gauss point

1D mesh u U

H=10cm dsT . TdBf

Fig. 1 Schematic for a cylindrical mesh used in the 1-D uniaxial strain simplification, where
the Q2-Q2-P1 element! is highlighted. Here, d corresponds to the interpolated solid skeleton
(s) displacement solution, d;: corresponds to the interpolated pore fluid (f) displacement so-
lution, and 0 corresponds to the interpolated pore fluid pressure solution at their respective
nodes in the FE model.

1.2 Geometric Model

As discussed in the previous two reports, 31

we model an excised section of lung
parenchyma as either a uniform cylinder, Fig. 1, or as a uniform rectangular column,
Fig. 2. The choice between these two geometries is somewhat arbitrary as long as
the motion is 1-D. For uniaxial strain with unidirectional flow (i.e., no permeation of
air through the sides of the cylinder), the overall geometry of the lung parenchyma
becomes irrelevant besides the (finite) length H and area A. This assumption is
appropriate for immediate motions resulting from shock loading in which the mag-
nitude of transverse motions (i.e., perpendicular to the direction of the shock front)
are small compared to the motions aligned with the shock velocity. When making
comparisons to computational results from other software, such as those obtained
using the LS-DYNA code,?*** we typically assume a rectangular column for ease
of meshing. For the domain sizes shown in Figs. 1 and 2, the rectangular choice has
the sole effect of reducing the cross-sectional area (i.e., area of L? = 1 cm?) relative

to that of the cylindrical column (i.e., area of 7D?/4 ~ 12.6 cm?).
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o d
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Fig. 2 Schematic for a rectangular mesh used in the 1-D uniaxial strain simplification, where
the Q2-Q2-P1 element! is highlighted. Here, d corresponds to the interpolated solid skeleton
(s) displacement solution, d; corresponds to the interpolated pore fluid (f) displacement so-
lution, and 6 corresponds to the interpolated pore fluid pressure solution at their respective
nodes in the FE model.



1.3 Organization

Subsequent content of this report is organized in the following manner. As intro-
duced in a prior report,'® Section 2 reports the kinematic simplifications for 1-D
motion. Since many results are compared with outcomes of a single-phase constitu-
tive model****?* implemented in the LS-DYNA code,*® the LS-DYNA implemen-

tation is summarized in Section 3.

Results of calculations follow in the next two sections, constituting the bulk of this
document. In Section 4, we provide examples to verify the FE formulation' of the

elastodynamic, poroelastic, and poroelastodynamic governing equations'®%°

against
analytical solutions or other published results. In Section 5, examples consider how
lung tissue deforms under shock loading. Simulations predict the response of a
column of parenchymal tissue loaded intensely over timescales of milliseconds or
less. Comparisons are made from our multiphase model to results from the single-
phase model of Clayton, Banton, and Freed?** implemented in LS-DYNA. De-
tailed derivations supporting the numerical implementation'® and examples that fol-
low in this report for the various space-time discretization schemes are presented
in Appendices A, B, and C focusing on respective Gateaux derivatives, linearized

equations, and FE equations.

The term“elasticity” is used to refer to a quasi-static setting (i.e., inertial terms and
stress waves absent) with linear or nonlinear elastic constitutive behavior. The term
“elastodynamics” refers to a fully dynamic setting (i.e., inertial terms retained in the
momentum balance, leading to stress waves), again with linear or nonlinear elastic

behavior.



2. 1-D Kinematics

As introduced by Irwin et al.,'?° 1-D uniaxial solid skeleton strain and unidirec-
tional pore fluid flow simplifications are implemented for (s) and (f) phases, re-
spectively. If we assume that the soft porous material only undergoes compression
or expansion in one dimension, specifically the vertical direction X, then both the
solid skeleton displacements in the transverse directions as well as all shear terms

in the deformation gradient go to zero. The solid skeleton deformation gradient

becomes
0
1+52 00
0X S
FSZ 0 1 0f> Js:detFS:Fll(S):1+a_X (1)
0 01

where u(X, ) is the axial displacement in the X direction. Similarly, if we assume
that pore fluid flow is confined in direction X (i.e., surrounded by an impermeable

sleeve, drained or undrained at its ends), then

(%3 ag (%3

Cn 01, ar= |01, ur= |0 2)

where in the X direction, v is the pore fluid velocity, a¢ is the pore fluid accelera-
tion, and wu; is the pore fluid displacement. Simulations with TPM reported subse-

quently in this report only consider the spatially 1-D regime.

3. Differences Between LS-DYNA Model and Multiphase Model

Before presenting the numerical examples in this report, it is prudent to highlight
some key differences between the different numerical models whose results will be
compared. LS-DYNA,***! originally known as DYNA3D, was developed by John
Hallquist at Lawrence Livermore National Laboratory in 1976. It is a “general-
purpose finite element code for analyzing the large deformation static and dy-

31 written in the

namic response of structures including structures coupled to fluids
FORTRAN programming language. The code has been highly optimized for massive
multi-parallel explicit dynamics computations. The prominent physical governing

equation that LS-DYNA seeks to solve is the balance of linear momentum equa-



tion in the current configuration (e.g., see references on fundamental continuum

mechanics 3> );

pa = divo + pb 3)

wherein the Cauchy stress o is defined by a wide range of available constitutive
models. In Section 5, the LS-DYNA material model we employed was a neo-
Hookean material model (MAT 45), identical to the one we defined in Section 3
of Irwin et al.'® A similar neo-Hookean model, albeit also including thermoelastic
coupling, was invoked for the solid tissue phase in the analytical study of shock-

waves in the tissue-air mixture of the lung by Clayton.!’

There also exists a poroelastodynamics framework in LS-DYNA, which is what we
compare to in Section 4. However, its applications are limited. For starters, Darcy’s
velocity in LS-DYNA does not account for inertial effects as referenced by the
CONTROL_PORE_FLUID input card in the user’s manual®:

(nfr) = —k(% ~ p™b) @)
Note also that & in Eq. 4 is a constant hydraulic conductivity parameter. It is not
a function of deformation (e.g., no dependence upon porosity change under large
deformation). Furthermore, pore fluid pressure boundary conditions can only be
specified at the top of the domain, in the z direction, which is limiting for modeling
soft porous materials wherein one might want to apply pore fluid pressure boundary
conditions at other surfaces on the domain. In our use of LS-DYNA'’s poroelasto-
dynamics model, we also found that we could only achieve accurate results for the
verification problem in Section 4 by (1) using a linear isotropic elastic constitutive
material model for the solid skeleton response, and (2) initializing the solid skeleton
effective stress o, due to “geostatic” gravity. The result of (2) is that the solution
for the solid skeleton effective stress o% does not match the analytical solution,

because the analytical solution ignores body forces.

LS-DYNA also provides the user with the ability to install their own constitu-
tive material model within the preexisting elastodynamics framework. This is what
was accomplished for analysis of lung parenchyma tissue by Clayton and col-
leagues.?>* This is the model we generally refer to as the “single-phase” model in

the text or to as “Clayton and Freed” in the figures. In the single-phase model,?*?33¢



pore air cannot move relative to the motion of the solid skeleton lung tissue. How-
ever, the constitutive model presented by Clayton and Freed?!'=> is based on the
biological tissue constitutive theory, in contrast to our simpler neo-Hookean model.
A viscoelastic response is also considered in the single-phase model,>**¢37 though
more research is needed to determine whether or not lung tissue can be treated
as a viscoelastic versus poroelastic material (or both) for high strain-rate loadings.
A damage variable is also introduced by Clayton and Freed*>?>?* to address local
injury. When making comparisons to the single-phase model, we disable damage
mechanics by adjusting the associated parameters appropriately. Enabling damage
in the multiphase solid skeleton effective stress o, constitutive model is anticipated

to be part of future work.

LS-DYNA provides the user with choices among several time integration schemes
to find the solution of Eq. 3: either an implicit Newmark-beta (NB) scheme as re-
ferred to Section 5.1 of Irwin et al.’® or a central difference (CD) scheme as referred
to Section 5.3 of Irwin et al.!” By default, LS-DYNA employs CD time integration
scheme with lumped mass matrices (i.e., row-sum lumping technique), where the
time step is limited by a local Courant—Friedrichs—Lewy (CFL) condition as re-
ferred to in Eq. 440 of Irwin et al.'” In our LS-DYNA simulations, we use the
default time integration scheme. For the linearly interpolated hexahedral elements
employed in our LS-DYNA simulations, single-point quadrature rules are applied
by default. Thereby, constitutive quantities such as stress are evaluated at the Gauss

point located at the centroid of each element.

Lastly, bulk shock viscosity is by default enabled to regularize the shock front
propagation®® and in turn stabilize the numerical solution; refer to Section 6.1 of
Irwin et al.'” On this last point, to the best of our knowledge it is impossible
to disable the bulk shock viscosity in LS-DYNA through direct manipulation of
the CONTROL_BULK_VISCOSITY and/or CONTROL_HOURGLASS cards. Re-
fer to Chapter 3.1 in the LS-DYNA theory manual®! as well as the remark in the
CONTROL_BULK_VISCOSITY card in the LS-DYNA user’s manual.>® This lack

of commercial code flexibility will be exemplified in Section 5.



4. \Verification

In the following section we provide examples to verify our FE formulation of the
elastodynamic, poroelastic, and poroelastodynamic governing equations against ei-
ther analytical solutions if they exist or against other published results. Validation of
our model is beyond the scope of this report. For discussion of the verification and
validation procedures, refer to Oberkampf et al.,* Babuska and Oden,*® Schwer,*!

and Sun.*?

4.1 Elastodynamics

For this example, we employ the eigenfunction expansion technique used by Erin-
gen and Suhubi,* which is a modification of the technique proposed by Reis-

mann,* to solve the following differential equation:
2772 2 P u 0
01Vu—02V><V><u+f:W Ve e Q% (0,7T) Q)

subjected to the boundary conditions

u(x,t) =g“(x,t) Ve el ©
o(x,t) -n(x) =t'(x,t) Vrel
and initial the conditions
u(z,0) = ug(®),
(7N

Here, ¢, and ¢, are the irrotational and equivoluminal wave velocities, respectively.
The solution u(x,t) may also be expressed as a summation of an eigenfunction
W (x) subjected to homogeneous boundary conditions and a quasi-static displace-
ment field ®(x, t):

u(a, ) = R(z,t) + Y ¢u(t) ¥, () (8)



wherein the strong formulation for the eigenfunction is given by

AV — VXV XP+0* W =0 z€Qx(0,T) )
U(r,t)=0 Vrel™ (10)
o(x,t) - n(x)=0 Vel (11)

Denoted by w is the natural frequency (i.e., the eigenvalue), and the strong formu-

lation for the quasi-static displacement field is given by

AVEP - AV XV X®+ flxe,t)=0 xcQx(0,7) (12)
®(x,t) =g"(x,t) Ve el (13)
o(xz,t) n(x)=t"(x,t) Vel (14)

Substitution of Eq. 8 into Eq. 5 and making use of Eq. 9 gives

> (bn+ wion) walw) = —¥(x,1) (15)
Multiplying Eq. 15 by ®,,(x), integrating over €) and invoking the orthogonality

condition on P gives

G + W m = Pp(t) (16)
where
®,() = - [ ¢la.0) W) (7)
Q

To solve Eq. 16, we require initial conditions, which we can pull from Eq. 7 and
substitute into Eq. 8 to find

bm(0) = / wo(@) - B, ()2 + B, (0),

. ! _ (18)
om(0) = /vo(w) - ®,, (x)dQ2 + P,,,(0)

10



Then the solution to Eq. 16 is

D(t) = [6(0) — @10 (0)] cOS(win) + i [6,0(0) = ,0(0)] sin(eat)

t
+ @, (t) — wm / D, (1) sin(wy, (t — 7))dr
0
Then, Eq. 8 may be rewritten as

u(x,t) = Z [am cos(wmt) + wiﬁm sin(wpt)

m
m

t

— wm/Qm(T) sin(wp, (t — 7)d7) | ¥, ()

where
P, t) + > By (t) T, (x) — 0
and

%_/w@yymm %_/m@yy@m

19)

(20)

21

(22)

For this particular verification problem, we presuppose that our domain is 1-D, that

it is fixed at its lower end and its sides, and that we apply a sinusoidal traction to

the top surface:

uw(X,t) =0 vX el

£ (1) :%H—wWM]VXEW

with initial conditions

11

(23)

(24)



Then Eq. 20 reduces to

- _ Z Win W ( /(IDm sin(wy, (t — 7)dT) (25)
m 0

It can be shown that

2(2H)2t7 (X, t)(—1)™
TPoC1Wm (2m — 1)

P, (1) =

(26)

where H is the initial height of the column, which allows us to rewrite Eq. 25 as

- io:Q(ml_l / (T)Sm<(2m—1;7;[c1(t—7)>d7

7Tp001 m=1
. ((2m—1)1X
— 27
« sin < - @7)

where

B(obits)  fu
o = (1+v)(1-2v) _ M (28)
Po Po

and where F, v, and M are Young’s modulus, the Poisson ratio, and the P-wave

modulus for the material, respectively.

Values of material and geometric parameters used in this example are given in Ta-
bles 1 and 2, respectively. A sinusoidal load in the form of a traction boundary
condition, as shown in Fig. 3a, is applied to the top of the single-phase column
shown in Fig. 3b. The displacement is probed at four depths, each of which are

measured from the base of the column. Results are shown in Fig. 4.

We see excellent agreement between the analytical solution and the various time
integrators we have implemented in the custom Python code, as well the default in-
tegration scheme (CD with lumped mass) in LS-DYNA. We do note, however, that
the implicit integrators perform poorly for this example, particularly as element size
is reduced, both in terms of computational cost and convergence. On the contrary,
the explicit integrators are computationally inexpensive while maintaining accuracy

and stability.

12



toA H=20m

t7(t) = S [1 — cos(wt)]
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(a) (b)

o
~Y

Fig. 3 a) Traction application and b) schematic of column mesh for the elastodynamics verifi-
cation example

Table 1. Material parameters for elastodynamics verification example

EMPa) v pg(kg/m?)
50 0.3 1986

Table 2. Geometrical and loading parameters for elastodynamics verification example

H(@m) A(m?) ¢ (kPa) w (rad/s)
20 1 40 50

13
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Fig. 4 Results for the displacements for the elastodynamics verification. Here, Q1 elements
were used in the Python implementation and Q8 elements were used in LS-DYNA, by default,
with mesh size 2§ = 1 m. Symbols are identified in the mini-table below.

Symbol Simulation

- Analytical
(w), NB (3 = 0.25,7 = 0.5)
(u), CD (L. mass)
(u), RKFNC (L. mass)
(u), LS-DYNA

[¢]

> + X
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4.2 Poroelasticity

Recall from the previous report by Irwin et al.!” the poroelasticity equations for
the (u-pr) formulation without inertia terms. Here, we present results previously
published in Li et al.** that demonstrate the differences between small-strain theory

and finite-strain theory (i.e., large deformation).

Similar to the elastodynamics example in Section 4.1, a porous column is subjected
to an external traction load while its base and sides remain fixed. The analytical

solution in small-deformation theory is given by

teH

AH =
A2

(29)

where H is the initial height of the column and A and p are the first and second
Lamé parameters of the solid skeleton, respectively. Values of material and geo-
metric parameters used in this example are given in Tables 3 and 4, respectively.
The upper boundary of the fully saturated column is perfectly drained with refer-
ence pressure ps(X = H,t) = 0 atm and subjected to a uniform step load with
finite rise time, as shown in Fig. 5. Different magnitudes of the maximum applied

traction are considered, as listed in Table 4.

Table 3. Material parameters for the poroelasticity verification example

A(MPa) 4 (MPa) p (kg/m®) pf (kg/m®)  nj  nj
29 7 2700 1000 042 0.58

Table 4. Geometrical and loading parameters for the poroelasticity verification example

H(m) Am?) hi(m) {5 (MPa) t, 1
10 1 1 004,248 03 1.0

The displacement histories of the top of the column are plotted in Fig. 6 for the
milder loading on the order of kilopascals. Owing to the fact that the displacement
for our large deformation model is so small, the results line up well with the analyt-
ical solution for small-strain theory. However, when load is increased to the order
of megapascals, the small-strain theory always predicts deformation magnitudes

well-exceeding that of finite strain (i.e., large deformation), as shown in Fig. 7.
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Fig. 5 a) Traction application and b) schematic of column mesh for the poroelasticity verifica-
tion example
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Fig. 6 Porous layer with uniform step load: vertical displacement-time history at topmost node
for mild load t§ = 40 kPa
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Fig. 7 Porous layer with uniform step load: vertical displacement-time histories at topmost
node for severe loads t§ = 2, 4, and 8 MPa
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4.3 Poroelastodynamics

Recall from the previous report by Irwin et al.! the formulations for poroelastody-
namics for the (u-p¢) and (u-u¢-pr) implementations with inertia terms. Here, we
present results comparing the numerical solutions to an analytical solution devel-
oped by de Boer et al.*¢

Similar to the previous examples, a porous column is subjected to an external trac-
tion load while its base and sides remain fixed. Values of material and geometric
parameters used in this example are given in Tables 5 and 6, respectively, where
different load amplitudes and frequencies are included in the latter. The top of the
porous column is perfectly drained with reference pressure pe(X = H,t) = 0 atm

and subjected to a harmonic loading, as shown in Fig. 8.

Table 5. Material parameters for the poroelastodynamics verification example

A (MPa) u(MPa) pf (kg/m®) pf (kg/m®)  nl  nd ko (m/s)
5.6 8.4 2700 1000 042 058 102

Table 6. Geometrical and loading parameters for the poroelastodynamics verification example

H(m) A(m?) hf@m) tJ(kPa) w (rad/s)
10 1 1,0.1 40 50

The analytical solution for this problem is given as follows:

x j (t (t—7)exp [—%T} fo(bm) (T—\/EX)> dr
(30)
wlX =7 <nA T 20)
x / (t"(t—r) exp {—%T} fo(bm) H(r — \/EX)) dr
(31)
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t7A

H=10m

to(t) = % [1 — cos(wt)]

(a) (b)

Fig. 8 a) Traction application and b) schematic of column mesh for the poroelastodynamics
verification example

(X 1) = m [nf m%@g, b, SvaL(a)t(, t)} 32)
o1 (X, t) :2\19/5/ (t"(t — T)exp {—%T] L (#)
X ﬁH(T — \/EX)> dr
+ f(r — vaX)exp {—%} X (33)
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where

L(X.t) = / QU — 7)G(X, 7)dr (34)
0
Qt) = La /t“(t — T)exp {—%T} I (%7‘) dr (35)
0

PR G P

1 b b (36)
— —=exp [——t} 1y (—t)
Vva 2a 2a
f\2 R
S, — @)% (37)
62 2 4
L) () p (38)
(A +2) (n®)?
Sy
b= ———— (39)

(A+2u) (nf)”

and where I,,, are the modified Bessel functions of order m, H is the Heaviside
function, ¢7(¢) is the harmonic loading function and X and p are the first and second

Lamé parameters of the solid skeleton, respectively.

For our custom Python FE implementation,'”

we see excellent agreement between
numerical and analytical solutions in Figs. 9b and 10. However, there are slight
discrepancies in both solid skeleton displacement and pore fluid pressure in the LS-
DYNA poroelastodynamics model.>**! We suspect that this is caused by LS-DYNA
ignoring the inertia term in the Darcy velocity constitutive equation, irrespective of

whether or not the two-field (u-p¢) assumption is made.

Furthermore, given that LS-DYNA assumes a (u-py) formulation outright, its poroe-
lastodynamics model cannot be used to verify the displacement of pore fluid. This
is because there is no governing equation for the third field variable, which the an-
alytical solution includes: see Fig. 9b. Lastly, we found that we were only able to
obtain a close approximation with LS-DYNA by assuming a linear isotropic elastic
material and initializing the geostatic stresses prior to starting the simulation. As a

result, the resulting solid skeleton effective stress response 0%, in LS-DYNA does
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not match the analytical solution and is not shown here for this reason.
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Pore fluid displacement
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Fig. 9 Verification results for the numerical approximation to the de Boer analytical solution.

All element types are stable (i.e., Q2-P1 or Q2-Q2-P1 depending on the formulation). Symbols
are identified in the mini-table below.

Symbol Simulation
- Analytical
) (u-pg), CD (L. mass)
X (u-us-pg), NB (8 = 0.25,v = 0.5)
+ (u-us-pr), RKENC (L. mass)
A LS-DYNA
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Fig. 10 Comparison between two different mesh resolutions for multiple integrators demon-
strating the importance of finer meshes in resolving the pore fluid displacement. Symbols are
identified in the mini-table below.

Symbol Simulation
- Analytical
o (u-ug-pe), NB (8 = 0.25,7y =0.5), h§ = 1m

x (u-us-pg), NB (8 = 0.25,v = 0.5), h§ = 0.1 m

We also observe poor agreement between the analytical solution and our FE solution
for the pore fluid displacement in Fig. 9b. However, this is an entirely numerical
phenomenon. The same discrepancies were observed by Heider,*’ who came to
the conclusion that for coarse mesh resolution, the pore fluid pressure gradient is
numerically unstable at the drained surface. Given that the pressure there is set to 0
atm (i.e., the datum reference pressure) and that a traction load is also applied there,
this causes a large pore fluid pressure buildup at the surface, which must quickly
dissipate to 0 atm. Thus, a large pore fluid pressure spatial gradient is created, and
because of the coupling between pore fluid pressure and pore fluid displacement
in the balance of momentum of the pore fluid, this leads to inaccuracy in the FE

solution for the pore fluid displacement.
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Fortunately, this problem is easily remedied by using mesh refinement. See Fig. 10
for a demonstration. Therefore, in addition to numerical issues with resolving the
propagation of a shock wave with coarse meshes, as we shall see momentarily in
Section 5, we elect to use finer meshes for the poroelastodynamics simulations of

soft porous materials such as lung parenchyma.

The convergence profile for different element types with varying stabilization pa-
rameters is shown in Fig. 11. Here we have used the implicit NB integrator for
constant acceleration with = 0.25,y = 0.5 at fixed time step for variable element

lengths.
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Fig. 11 Relative solid skeleton displacement error (logarithmic scale) at ¢ = 0.2 s for fixed
At=10"%s

The relative displacement error ER R, [—]| is defined as

. |uanalytical(X = H,t =0.2 S) - unumerical(X = H,t =0.2 S)|

(40)
‘uanalytical<X == H,t =0.2 S)’

ERR,[-] :

It is apparent that the (u-p¢) formulation does not give as accurate of a result as the
(u-ug-pr) formulation, especially at the smaller element lengths. We do not observe
a strong convergence profile, especially compared to the one obtained by Markert

et al.*® and Heider.*’” We suspect that the poor convergence behavior is due to the
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abundance of nonlinearities in our model, whereas Markert et al.*® and Heider*’

assumed a linear small-strain theory.

5. Shockwave Loading of the Lung

Of key importance for dynamic injury predictions is how lung tissue deforms un-
der shock loading. In Section 5 we present our findings for a column of lung
parenchyma subjected to external traction loadings on the order of milliseconds or
less. In all of the simulations, the lung parenchyma column is fixed on its sides and
base. Furthermore, the sides and top are assumed to be an impermeable membrane

(i.e., “undrained”) such that the pore air is confined solely within the column.

While we do have full control over the boundary conditions at the ends of the col-
umn, we have chosen the impermeable boundary condition for comparative pur-

poses to the model developed by Clayton et al.?%*>%

in which they assume oc-
cluded pore air. One could imagine the experimental analog to this type of bound-
ary condition wherein a small section of lung parenchyma is excised, placed in an
impermeable sleeve and then uniaxially loaded. The advantage to our model over
the one implemented by Clayton et al.?* is that we could allow for more realistic
boundary conditions at the ends of the column of lung parenchyma in our simula-
tions. For example, we could allow an end to remain open to atmospheric pressure
(i.e., “drained”) such that experimentally the sleeve need not enclose this end of
excised tissue, or we could specify a mixed boundary condition wherein the pore
fluid pressure gradient and pore fluid pressure at the end of the column are both
free. This would enable experimentally that the sleeve need not enclose the end of
excised tissue, and the impacting device would need only to maintain contact with

a part of the tissue during loading.

5.1 Effects of Shock Bulk Viscosity

Prior to presenting the results for the multiphase formulation, it is worthwhile to
analyze the effect of the viscous bulk shock term () on reducing numerical noise
from the deformation response. Here we consider the material parameters for a
single-phase model wherein air is trapped within a column of lung parenchyma
and not allowed to move relative to it. For the single-phase model in LS-DYNA,
we use the standard neo-Hookean hyperelastic material model, MAT 45, so that

we can make a one-to-one comparison with our neo-Hookean hyperelastic material
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model in Python. Material properties are given in Table 7. Geometrical and loading

parameters are given in Table 8.

Table 7. Material parameters for an example on shock viscosity for a column of single-phase,
elastodynamic lung parenchyma. Values taken from Clayton et al.>*

K (kPa) G (kPa) po (kg/m?)
213 3 337

Table 8. Geometrical and loading parameters for an example on shock viscosity for a column
of single-phase, elastodynamic lung parenchyma

Overpressure load type H (cm) A (cm?) hg (cm) t§ (kPa) to (ms) t; (ms)
Yen impulse 10 1 1,0.1 50 0.17 0.34
Friedlander impulse 10 1 1,0.1 25 10 N/A

The traction is applied to the top of the column in two forms. The first is a linear
triangular impulse, hereafter referred to as the Yen impulse, shown in Fig. 12a,
which rises to a maximum pressure tJ = 50 kPa at time ¢, = 170 ps relative to
reference pressure, set to 0 atm for these single-phase simulations. It then decays
to t = 0 kPa at time 2{y, = t; = 340 us. The time scales and pressure profile
were chosen based on an experimental study of rabbit lung exposed to shock tubes
by Yen et al.* Overpressure amplitude was chosen arbitrarily, though we note that
Yen et al.** observed that overpressures greater than 2 psi (= 14 kPa) resulted in

edema of the exposed rabbit lung.

The second traction application is the Friedlander impulse,®® which is depicted in
Fig. 12b. The profile is of an exponentially decaying function to O applied pressure
at ty = 10 ms, whereby it then starts to act as a tensile force relative to atmo-
spheric pressure. This profile is an analytical solution to sound waves diffracting
off of a semi-infinite plate. Therefore, the Friedlander wave is more indicative of
the overpressure profile of a blast wave’! (e.g., one resulting from an explosion and
impacting against a hard surface than the Yen impulse, which is better suited to

describe shock-tube-like experimental loading).

For both pressure profiles, we will vary the peak overpressure amplitude. As with
the de Boer example in Section 4.3, the bottom and sides of the column remain
fixed and rigid such that the motion is purely vertical in the X direction. The 1-D
FE mesh is shown in Fig. 12c.
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Fig. 12 a) Yen impulse traction application b) Friedlander impulse traction application
¢) schematic of column mesh for an example on shock viscosity for a column of single-
phase/elastodynamic lung parenchyma, highlighting the Q1 element. Note that element size
h§ is not to scale in c).

Different choices of element length A and different choices of shock viscosity (i.e.,
none or default values) are investigated in displacement predictions for the Yen
loading protocol in Figs. 13 and 14. Similarly, predictions are compared for the

Friedlander loading protocol in Figs. 15 and 16.
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u(X = 0.1m, ), LS-DYNA, (u), Co = C, =0
u(X = 0.1m, #), LS-DYNA, (u), Co = 1.5, C; = 0.06 (default)

), u(X = 0.1m, ), LS-DYNA, (u), Cy = Cy = 0
)

u(X = 0.1m,#), Python, (u), CD (L. mass), Co = Cy = 0
),
)

(
u(X = 0.1m, #), LS-DYNA, (u), Co = 1.5, C; = 0.06 (default)
u(X = 0.1m, 1), Python, (u), CD (L. mass), Co = 1.5, C1 = 0.06
u(X = 0.1m, #), Python, (u), RKFNC (L. mass), Co = 1.5, C; = 0.06
u(X = 0.1m, t), Python, (u), NB (8 = 0.25,7 = 0.5), Cj = 1.5, C; = 0.06

I 1 ox]
I 1 ox]

u(X = 0.1m, ), Python, (u), RKFNC (L. m
Python, (u), NB (3 = 0.

u(X =0.1m,1,

Displacement (mm)
Displacement (mm)

Time (ms) Time (ms)
(a) (b)

Fig. 13 Comparison of elastodynamical response to Yen impulse loading for peak overpressure
of 50 kPa with element size 5 = 1 cm for a) simulations without shock viscosity enabled b)
shock viscosity set to default values
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Fig. 14 Comparison of elastodynamical response to Yen impulse loading for peak overpressure
of 50 kPa with element size h§ = 0.1 cm for a) simulations without shock viscosity enabled b)
shock viscosity set to default values

For both element lengths A, it is apparent that without shock viscosity, our inte-
gration schemes struggle to constrain the numerical overshoots. This is particularly
noticeable for the coarser mesh with A§ = 1 cm in Fig. 15a for the implicit solver
which is taking constant time-steps At = 107% s. When some shock viscosity is
introduced, the “noise” from the shock is dampened significantly, and we see fairly
good agreement with the results from LS-DYNA, which we note does not pro-
vide users the option to disable shock viscosity as is evident by the overlapping
Co=C;=0.0and Cy = 1.5, C; = 0.06 curves.
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We show further comparisons for the Friedlander impulse®® with the fine mesh.
Again, we see that the shock viscosity reduces numerical noise and offers stability.
This is particularly evident for the CD scheme shown in Fig. 16a, which is starting
to go unstable before the simulation is terminated at 30 ms. Therefore, we typically

opt to enable shock viscosity for the poroelastodynamics simulations.
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Fig. 15 Comparison of elastodynamical response to Friedlander impulse loading for peak over-

pressure of 25 kPa with element size hj = 1 cm for a) simulations without shock viscosity
enabled b) shock viscosity set to default values
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Fig. 16 Comparison of elastodynamical response to Friedlander impulse loading for peak over-

pressure of 25 kPa with element size 2§ = 0.1 cm for a) simulations without shock viscosity
enabled b) shock viscosity set to default values

In addition, care must be taken when choosing the coefficients Cy and C; as the
values of these coefficients increase, the shock is smeared across larger portions of
the domain (i.e., over more elements). This can be seen in Figs. 17 and 18. Thus, if

the constants are too large, we begin to eliminate physical effects that are important
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Fig. 17 The effect of changing the shock viscosity coefficients Cy and C; for the Yen impulse
at peak overpressure of 50 kPa; here, all simulations were conducted using a neo-Hookean
hyperelastic material (UMAT 45) in LS-DYNA with 2§ = 0.1 cm
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Fig. 18 The effect of changing the shock viscosity coefficients Cy and C; for the Friedlander
impulse at peak overpressure of 25 kPa; here, all simulations were conducted using a neo-
Hookean hyperelastic material (UMAT 45) in LS-DYNA with 4§ = 0.1 cm
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to measure. For that reason, we stick to the default values used by LS-DYNA in our

Python implementation of the multiphase mechanics for shock loading.

5.2 Effects of Pressure Stabilization

As with our study of the shock viscosity and how varying the constants Cj, and
(' can affect the solution, we shall do the same here for pressure stabilization by
modifying the stabilizing parameter . In the following investigation, we use the
(u-p¢) formulation and a Q1-P1 element with A5 = 1 cm. In contrast to the poroe-
lastic and poroelastodynamic verification problems, here we set an impermeable
boundary condition at the surface of the column of lung parenchyma: pore air is
not allowed to escape the column at any position. Material parameters are listed in

Table 9. Geometrical and loading protocols are given in Table 10.

As in previous examples, we apply a pressure load in the form of a traction at the
top of the column. However, for the multiphase model, the applied overpressure is
relative to 1 atm, as opposed to 0 atm for the single-phase model in Section 5.1.
The two pressure profiles we explore are the Yen impulse and Friedlander impulse,
as depicted by respective Figs. 19a and 19b. For both pressure profiles, we choose

a peak overpressure of 15 kPa.

Table 9. Material parameters for multiphase lung parenchyma simulations. Values taken from
Clayton et al. and Lande and Mitzner.2+>2

K% (kPa) G (kPa) K, (kPa) K[ (kPa) pR (kg/m®) pR (kg/m3)  nf ko (m2/Pa-s)
7.5 3 2.2 x 106 140 1000 1.2 0.664 10-°

Table 10. Geometrical and loading parameters for multiphase lung parenchyma simulations

Overpressure load type H (cm) A (cm?) h§ (cm)  t§ (kPa) to (ms) ¢ (ms)
Yen impulse 10 1 0.1 15 0.17 0.34
Friedlander impulse 10 1 0.1 15 10 N/A

stab \e in-

It is apparent from Figs. 20 and 21 that as we increase the value of «
troduce numerical error into the solution. We can see that this also results in os-
cillations in both the pore fluid and solid lung parenchyma pressure (Figs. 22 and
23). Therefore, when enabling pressure stabilziation, we choose a value of o as
close to 0 as possible, typically 10~° m3s%/kg as this shows good overlap with the

unstabilized formulation.
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Fig. 19 a) Yen impulse traction application b) Friedlander impulse traction application c)
schematic of multiphase column mesh for examples of lung parenchyma deformations, high-
lighting the Q1-P1 element. Note that element size % is not to scale in c).
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Fig. 20 Comparison of lung parenchyma displacements undergoing overpressure loading from
the Yen impulse at 15 kPa between the multiphase model, using RKFNC numerical time inte-
gration with consistent mass matrices, tracking the nodes at the top of the column for varying
values of o*'*?. Here, we invoke a Q1-P1 element with 1§ = 1 cm.
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Fig. 21 Comparison of lung parenchyma displacements undergoing overpressure loading from
the Friedlander impulse at 15 kPa between the multiphase model, using RKFNC numerical
time integration with consistent mass matrices, tracking the nodes at the top of the column for
varying values of o®". Here, we invoke a Q1-P1 element with A = 1 cm.
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Fig. 22 Comparison of lung parenchyma pressure p3, and pore fluid pressure p;: after overpres-
sure loading from the Yen impulse at 15 kPa between the multiphase model, using RKFNC
numerical time integration with consistent mass matrices, tracking the Gauss points at the top
of the column for varying values of o*'*’, Here, we invoke a Q1-P1 element with 2{ = 1 cm,

and K = 7.5 kPa is the bulk modulus of the solid skeleton.
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Fig. 23 Comparison of lung parenchyma pressure p3, and pore fluid pressure pr after over-
pressure loading from the Friedlander impulse at 15 kPa between the multiphase model, using
RKFNC numerical time integration with consistent mass matrices, tracking the Gauss points
at the top of the column for varying values of o®", Here, we invoke a Q1-P1 element with

h§ =1 cm, and K = 7.5 kPa is the bulk modulus of the solid skeleton.
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5.3 Comparison of Single-phase and Multiphase Models

Next, we present results for the single-phase model developed by Clayton, Ban-

d20,21,23

ton, and Free and compare this to our multiphase model. The theory of the

118

latter was derived in Section 2 of Irwin et a with equations for the FE formu-

lation derived in Irwin et al.'”” Given that the single-phase constitutive model*%%*

and its numerical implementation?2242>

assume that pore air is trapped within lung
parenchyma (i.e., pore fluid [f] is not able to move relative to the solid skeleton
[s]), we have assumed for TPM calculations impermeable boundaries at the ends
of the column of the lung parenchyma. Thus, pore air is entirely contained within
the column, although, in contrast to the single-phase model, pore air is allowed to

move freely within the column relative to the solid lung tissue.

As in previous examples, we apply a pressure load in the form of a traction at the
top of the column. However, for the multiphase model, the applied overpressure
is relative to 1 atm, as opposed to 0 atm for the single-phase model in Section 5.1.
Material parameters for this final set of examples are listed in Table 11. Geometrical

and loading protocols for this set likewise are given in Table 12.

Table 11. Material parameters for multiphase lung parenchyma simulations. Values taken
from Clayton et al. and Lande and Mitzner.?*>2

K% (kPa) G (kPa) K, (kPa) K (kPa) pif (kg/m®) pff (kg/m®) nf ko (m*/Pa-s)
7.5 30 22x100 140 1000 12 0664 1077

Table 12. Geometrical and loading parameters for multiphase lung parenchyma simulations

Overpressure load type H (cm) A (cm?) hg (cm)  t§ (kPa) to (ms) t; (ms)
Yen impulse 10 1 0.1 15; 50 0.17 0.34
Friedlander impulse 10 1 0.1 15; 25 10 N/A

The two pressure profiles we explore are the Yen impulse and Friedlander impulse,
as depicted by Figs. 24a and 24b. The 1-D FE mesh for uniaxial strain loading is
illustrated in Fig. 24c. Recall also examples for the elastodynamics case were pro-
vided in Section 5.2. For both pressure profiles, we will vary the peak overpressure

amplitude to obtain the following results.

First, we present results for the multiphase model compared to the single-phase

model wherein we do not enable shock viscosity nor pressure stabilization. In the
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Fig. 24 a) Yen impulse traction application b) Friedlander impulse traction application c)
schematic of multiphase column mesh for examples of lung parenchyma deformations, high-
lighting the Q2-Q2-P1 element. Note that element size h§ is not to scale in c).

multiphase model, fully stable elements (i.e., Taylor-Hood elements) are used and,
for low overpressure loading magnitudes at high strain-rates, additional stabiliza-
tion via shock viscosity or pressure stabilization is not necessary to obtain a solu-

tion. Figure 25a shows the displacement history of the top of the lung parenchyma
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over time. For the single-phase LS-DYNA model (Clayton and Freed), the solution
behaves elastodynamically, with little to no dissipation of the shock wave. For the
multiphase Python model(s), we can directly observe the effect that the pore air has
on the lung parenchyma displacement, with an absorption of the shock wave and

eventual dissipation of that energy.

Notice that for the Taylor-Hood elements without any stabilization, numerical os-
cillations are present in the displacement solution, irrespective of the integration
scheme. When shock viscosity and pressure stabilization are introduced, with a
QI-Q1-P1 element, as in Fig. 25b, observe that these displacement solutions are
much smoother than their Taylor-Hood counterparts. Furthermore, we found that
without the shock viscosity and pressure stabilization techniques, we are unable to
achieve greater magnitudes of peak overpressure loadings without numerical prob-
lems. Such problems include unstable pore fluid pressure (i.e., pore air pressure
pr — 00) and element collapse (J¢ < 0). Further problems include an inability to
achieve convergence in the Newton-Raphson solver for implicit schemes, and the
time step At — 0 for the adaptive time-stepping explicit schemes (e.g., Runge-
Kutta Cash-Karp). Therefore, we choose to enable both stabilization techniques in

our simulations of shock loading of the lung parenchyma.
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Fig. 25 Comparison of lung parenchyma displacements undergoing overpressure loading from
the Yen impulse at 15 kPa between a) the single-phase and multiphase models tracking the
nodes at the top of the column, and b) the multiphase models tracking the nodes at the mid-
dle of the column with and without stabilization methods. Without shock viscosity ) and
pressure stabilization o*®?, we invoke a Q2-Q2-P1 element; with shock viscosity () where
Cy = 1.5,C; = 0.06 and pressure stabilization where o = 107'°, we invoke a Q1-Q1-
P1 element.

Figure 26 shows the results of applying the stabilization techniques of shock vis-
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cosity and pressure stabilization to the Q1-P1 and Q1-Q1-P1 elements. This is for a
higher peak overpressure loading magnitude of 50 kPa with the Yen impulse. Again
we see that in the multiphase model the pore air significantly dampens the lung
parenchyma deformation response to blast-like pressure loading. Even though the
strain is still somewhat small (i.e., = 1% nominal strain), we are able to achieve
double the strain as compared to the multiphase model without stabilization tech-
niques at lower loads. We also see good overlap between the various multiphase

models, irrespective of integration scheme and poroelastodynamics formulation

(i.e., (u-us-pr) versus (u-pr)).
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Fig. 26 Comparison of lung parenchyma displacements between the single-phase and multi-
phase models undergoing overpressure loading from the Yen impulse at 50 kPa tracking the
nodes at a) the top of the column and b) the middle of the column. Here, shock viscosity with
Cy = 1.5,C; = 0.06 and pressure stabilization for the multiphase model with o = 1010
have been enabled.

An additional advantage of the (u-u¢-pr) to both the single-phase model and the
(u-pr) formulation is that we can directly calculate the pore air displacement, ve-
locity and acceleration relative to those of the lung parenchyma, as shown in Fig. 27.
The pore air displacement is plotted at X = H /2, rather than at X = H, because
the impermeable boundary condition negates the effects of relative motion between

pore air and solid lung tissue at the latter location.

Figure 27a shows the relative motion of the pore air to that of the lung parenchyma,
wherein we observe that the shock wave propagates through the air faster than the
lung parenchyma given that the pore fluid displaces earlier and more than the lung
parenchyma. This is also apparent in the plots of pore air acceleration, shown in

Figs. 27b and 27c. We also see the necessity for a full (u-u¢-ps) formulation as
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compared to the (u-pr) formulation. In the (u-ps) model, it is inaccurately assumed
for shock loading that a; =~ as = a, which is clearly not the case here as the pore air
acceleration can be up to two orders of magnitude larger than the lung parenchyma

acceleration. Note that the ordinate is on a logarithmic scale.
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Fig. 27 Overpressure loading from the Yen impulse at 50 kPa showing a) differences in dis-
placements of solid skeleton lung parenchyma vs. pore air b) differences in accelerations of
solid skeleton lung parenchyma vs. pore air and c¢) zoomed-in version of b). Here, shock vis-
cosity with Cy = 1.5,C7 = 0.06 and pressure stabilization for the multiphase model with
a*®P = 10710 have been enabled.

Another advantage of the multiphase models over the single-phase model is that
in the former we can directly compute the lung parenchyma and pore air pressures
separate from one another, and we can separate computation of the solid stress and

total stress. In the single-phase model, these metrics are lumped together.

We see fairly good correlation between the total pressures and total stresses between
the single-phase and multiphase model, shown in Figs. 28a and 28b, respectively.

We believe that the slight discrepancies between the two models are due to the
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differences in Gauss integration used. As mentioned previously, LS-DYNA (i.e.,
the single-phase model) assumes 1-point Gauss quadrature, whereas here we use a

Q1-QI1-P1 element with 2-point quadrature for the multiphase model.
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Fig. 28 Overpressure loading from the Yen impulse at 50 kPa showing a comparison of a)
the total pressure between the single-phase and multiphase model, as well as the distinct lung
parenchyma and pore air pressures for the multiphase model, all of which are normalized
by the single-phase bulk modulus K = 213 kPa, and b) the total Cauchy stress between the
single-phase and multiphase model, as well as the lung parenchyma Cauchy stress for the
multiphase model. Here, shock viscosity with Cy = 1.5, C; = 0.06 and pressure stabilization
for the multiphase model with o*#" = 10~1° have been enabled.

Finally, we present the results for the Friedlander impulse, with traction profile
shown in Fig. 24b. For this particular type of blast wave, we are unable to obtain
peak overpressures greater than 15 kPa without any sort of stabilization techniques.
However, the numerical oscillations in the “unstable” simulations are not as obvi-
ous as they are for the Yen impulse (Fig. 29). Nor can we presently simulate peak
overpressures greater than 25 kPa with shock viscosity and pressure stabilization
enabled, which is markedly lower than those we can achieve with the Yen impulse.
This likely has to do with how long the Friedlander impulse is applied: 10 ms of
compressive force, versus 340 us for the Yen impulse, followed by a tensile force
relative to the reference pressure (i.e., atmospheric pressure), versus no force for the
Yen impulse. However, with numerical stabilization, we are able to achieve strains
on the order of 7%-8% nominal axial strain, around 7x greater than those for the

Yen impulse, as shown in Fig. 30.
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Fig. 29 Comparison of lung parenchyma displacements undergoing overpressure loading from
the Friedlander impulse at 15 kPa between a) the single-phase and multiphase models tracking
the nodes at the top of the column, and b) the multiphase models tracking the nodes at the
middle of the column with and without stabilization methods. Without shock viscosity () and
pressure stabilization o*®?, we invoke a Q2-Q2-P1 element; with shock viscosity QQ where Cy =
1.5,C; = 0.06 and pressure stabilization where o* = 10719, we invoke a Q1-Q1-P1 element.
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Fig. 30 Comparison of displacements of solid skeleton lung parenchyma between the single-
phase and multiphase models undergoing overpressure loading from the Friedlander impulse
at 25 kPa tracking the nodes at a) the top of the column and b) the middle of the column. Here,
shock viscosity with Cy = 1.5, C; = 0.06 and pressure stabilization for the multiphase model
with o = 107! have been enabled.

As with the resulting deformations from the applied Yen impulse, we are also able
to see the relative motion of the pore air to the lung parenchyma, shown in Fig. 31a.
Again we see the necessity of the full (u-u¢-pr) formulation in accounting for the
differences in accelerations between the lung parenchyma and pore air, demon-

strated by results in Figs. 31b and 31c.
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Fig. 31 Overpressure loading from the Friedlander impulse at 25 kPa showing a) differences
in displacements of solid skeleton lung parenchyma vs. pore air b) differences in accelerations
of solid skeleton lung parenchyma vs. pore air and c) zoomed-in version of b). Here, shock
viscosity with Cy = 1.5,C; = 0.06 and pressure stabilization for the multiphase model with
a@b — 10~10 have been enabled.

In contrast to the Yen impulse, however, we see a little bit better agreement between
the total pressures and total stresses, shown in Figs. 32a and 32b, respectively. Of
great interest is the lung parenchyma stress going into tension sooner in the multi-
phase model than in the single-phase model. Fung has argued that excessive tensile
forces in the walls of the lung alveoli can lead to rupturing of the alveoli and local
injury.>® Thus, we might be able to predict injury sooner by accounting for the rela-
tive motion of air to the lung parenchyma in the multiphase model. Further work is

needed to quantify damage and local injury in the multiphase model to be certain.

Finally, from a computational expense standpoint, we note that the explicit time

integration methods are better suited for the high strain-rate loading examples con-
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Fig. 32 Overpressure loading from the Friedlander impulse at 25 kPa showing a comparison
of a) the total pressure between the single-phase and multiphase model, as well as the distinct
lung parenchyma and pore air pressures for the multiphase model, all of which are normalized
by the single-phase bulk modulus X' = 213 kPa, and b) the total Cauchy stress between the
single-phase and multiphase model, as well as the lung parenchyma Cauchy stress for the
multiphase model. Here, shock viscosity with Cy, = 1.5, C; = 0.06 and pressure stabilization
for the multiphase model with " = 10~1° have been enabled.

sidered here than the implicit integration methods, which is not surprising. The
simulations were conducted in serial on four 2x Intel Xeon Gold 6230 processors
with 192 GB of RAM.

In Tables 13 and 14, we present wall clock times for the various formulations with
different time integration schemes for the low strain-rate loading example (i.e., the
de Boer verification of Section 5.2) and for the high strain-rate loading example of
the Friedlander shock waveform at 15 kPa overpressure. In Fig. 33, we present the
time steps for the Friedlander shock waveform at 25 kPa overpressure. These tend to
hover around the maximum time step constrained by the Courant-Friedrichs-Lewy

(CFL) condition for a single-phase material.
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Table 13. Computational cost of de Boer simulations for element length 2§ = 1 m. “N/A”
denotes that simulation did not finish. Implicit time-stepping schemes used fixed At = 10~*s.

Element type o’ Cp, O Integration scheme Wall clock time (min)
Ql1-P1 0 0,0 N.B.(y=0.2573=0.5) 1.21
QI1-P1 1071 0,0 N.B.(y=0.25738=0.5) 1.26
Q1-P1 1078 0,0 N.B.(y=0.2573=0.5) 1.41
Q1-P1 0 0,0 RKFNC (C. mass) 154.07
QI-P1 10719 0,0 RKFNC (C. mass) 5.88
QI-P1 1078 0,0 RKFNC (C. mass) 6.02
Q2-P1 0 0,0 N.B.(y=0.2573=0.5) 1.45
Q2-P1 0 0,0 RKFNC (C. mass) 221.97

Q1-Q1-P1 0 0,0 N.B.(y=0.2573=0.5) 2.08
Q1-QI-P1 107 0,0 N.B.(y=0.258=0.5) 2.29
Q1-Q1-P1 1078 0,0 N.B.(y=0.258=0.5) 2.23
Q1-Q1-P1 0 0,0 RKFNC (C. mass) 196.86
Q1-Q1-P1 1071 0,0 RKFNC (C. mass) 12.25
Q1-Q1-P1 1078 0,0 RKFNC (C. mass) 3.73
Q2-Q1-P1 0 0,0 N.B.(y=0.2573=0.5) 2.52
Q2-Q1-P1 10719 0,0 N.B.(y=0.2578=0.5) 2.80
Q2-Q1-P1 1078 0,0 N.B.(y=0.2573=0.5) 2.67
Q2-Q1-P1 0 0,0 RKFNC (C. mass) N/A
Q2-Q1-P1 107 0,0 RKFNC (C. mass) N/A
Q2-Q1-P1 1078 0,0 RKFNC (C. mass) 3.73
Q2-Q2-P1 0 0,0 N.B.(y=0.2573=0.5) 2.50
Q2-Q2-P1 0 0,0 RKFNC (C. mass) 319.77

Table 14. Computational cost of Friedlander impulse simulations for element length hr§ =
1 mm at 15 kPa overpressure. “N/A” denotes that simulation did not finish. Implicit time-
stepping schemes used fixed At = 1076 s.

Element type o’ Co, C4 Integration scheme Wall clock time (min)
QI-PI 0 0,0 N.B.(y=0.2523=0.5) 112.74
QI-P1 10719 1.5,006 N.B.(y=0.258=0.5) 105.6
Q1-P1 0 0,0 RKFNC (C. mass) 2280.65
QI-P1 10719 1.5,0.06 RKFNC (C. mass) 11.14
Q2-P1 0 0,0 N.B. (y = 0.25, 3 = 0.5) 124.47
Q2-P1 0 0,0 RKFNC (C. mass) N/A

Q1-Q1-P1 0 0,0 N.B. (y = 0.25, 3 = 0.5) 221.21
Q1-QI-P1 1079 1.5,006 N.B.(y=0.258=0.5) 175.23
Q1-QI1-P1 0 0,0 RKFNC (C. mass) 3539.34
Q1-Q1-P1 10719 1.5,0.06 RKFNC (C. mass) 25.23
Q2-Q2-P1 0 0,0 N.B. (y = 0.25, 3 = 0.5) 201.45
Q2-Q2-P1 0 0,0 RKFNC (C. mass) N/A
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Fig. 33 Time steps over the course of the Friedlander shock loading example at 25 kPa over-
pressure

6. Conclusions

9 of a finite-strain

Simulations have invoked a novel numerical implementation'
framework of a biphasic mixture (i.e., coupled pore fluid flow and solid skeleton
deformation) of a soft porous material for high strain-rate dynamic loading. The
constitutive theory, discussed in detail in a prior report,'® is non-linear elastic and
accounts for the compressibility of the pore air. The formulation herein did not
make assumptions regarding the equivalency of acceleration of pore fluid to that of

solid skeleton, but rather allowed them to be different.

For shock loadings, it was shown that the addition of both a bulk shock viscosity
term>* in the constitutive stress response of the solid skeleton and a pressure sta-

5336 in the balance of mass of the mixture for a linear, equal-order

bilization term
element interpolation allowed us to achieve deformations for higher magnitudes of

peak overpressure loadings.

In a verification example, we showcased the effectiveness of different time integra-
tion schemes, both implicit and explicit. It was shown that accounting for the inertia
term in Darcy’s constitutive law gave more accurate results with respect to the an-

alytical solution than a simpler poroelastic model which neglected those physics
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in its application of Darcy’s law. Furthermore, spatial discretization plays a role
in determining the accuracy of the numerical solution: poor resolution can lead to
numerical instabilities resulting from large changes in the pore fluid pressure solu-
tion. It was also demonstrated that for this low strain-rate loading, an implicit time

integration scheme is more cost effective than an explicit time integration scheme.

The role of the bulk viscosity term is significant for high strain-rate loading ap-
plications. For elastodynamics, it is clear that the bulk viscosity term damps out
numerical oscillations caused by overshoots when the numerical time integration
scheme is trying to resolve the shock front. We also showed that poor spatial dis-
cretization cannot accurately capture the shock front, which motivated the use of
more refined FE meshes for poroelastodynamics. Refinement also sought to avoid

any instabilities in the pore fluid pressure gradient.

For the multiphase model, we found that a linear-linear, equal-order element type,
with both bulk viscosity and pressure stabilization enabled, produced a smoother
solution than a fully stable Taylor-Hood element without any additional artificial
stabilization. In addition, using a 5(4) Runge-Kutta integration scheme with adap-
tive time-stepping based on local truncation error resulted in lower computational
cost compared to traditional implicit methods. This Runge-Kutta scheme yielded
higher accuracy compared to the standard second-order CD method, the latter which

is often unstable for poroelastodynamics applications at high strain rates.

When comparing to a single-phase model, it is apparent that accounting for rela-
tive motion between pore fluid and solid skeleton drastically alters the deformation
response of the soft porous material (i.e., the lung parenchyma). In particular, defor-
mations of the solid skeleton lung parenchyma are dampened out by the oscillating
pore air, whereas the single-phase model behaves elastodynamically with minimal
dissipation of the shock wave. It was also shown that accounting for differences in
accelerations between the two constituents was effective in demonstrating the ne-
cessity for the more complex poroelastodynamics formulation for high strain-rate
loading applications. To this extent, it was shown that for a shock wave resulting
from an explosion, the multiphase model can pick up tensile stresses in the solid
skeleton lung parenchyma sooner than in the single-phase model, which may be

indicative of tissue rupture.

This work offers new insight into computationally inexpensive modeling of smeared
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pore-scale FSI in soft porous materials at high strain-rates. For modeling of lung
parenchyma, further research is needed to: (1) develop a more complex constitutive
response for the lung parenchyma that can take into account the stiffening of the
tissue as it is stretched and compressed, analogous to what was done by Clayton,
Banton, and Freed?°%2%; (2) consider other physiological boundary conditions that
might mimic in-vivo conditions; (3) develop a solid skeleton damage variable to
help quantify local injury; (4) implement thermomechanical coupling between pore
air and solid lung tissue; and (5) address the microstructural response of individual

alveoli to deformations in a multiscale framework.
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Appendix A. Derivation of Gateaux Derivatives
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Gateaux derivatives are used in the numerical implementation of TPM established
by Irwin et al.,!"> wherein notation is defined explicitly. Kinematic derivatives are

obtained as follows:
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Recall that the solid skeleton model is that of a neo-Hookean hyperelastic material.
Thus, the following derivations of the variations of the solid skeleton extra stresses

are not generalizable to other material models:
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Trwin Z, Regueiro R, Clayton J. A large deformation multiphase continuum mechanics model
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n® . 20(0a) 0 At@(év)

= 7P T M ok (A-12)

J

§(ph) = 6(Intp™) = nfpR6(J) + JpRé(n f) + Jnf5(p™)
J(du) o(ou)  Jnlp
_ f fRT\V™) fR, s
=npyp P +pn P ,7

d(da) Jn'p
o 2 fR
_Mt(p 8X+K”5)

o(6v)  Jnip
_ fR i
— Al (p ox R e ) (A-13)

(5
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f 2 0 77_;;# 1£n2:)2
5@):6(2;(”)): o () = (it )))&nf)

wF(nh) |~ ot ont
{% 5 TG 00 = [+ 1 o
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Appendix B. Derivation of Linearized Equations
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B.1 Linearization of the (u) Formulation Variational Equations

Refer to Section 5.1.1 of Irwin et al.! The linearization of the variational equations

given by Irwin et al.! commences as follows:

X=H X=H
SGINT = /wé(poa)AdX: /wpgéaAdX (B-1)

0

For quasi-static elasticity, Eq. B-1 is zero. Next,

X=H
SGINT — 2;5(1311),4 dX
)?:Ha d(ba)
= [ ogler D= + ] ) (8A0) 40X B

0

When viscous damping is considered, where v is the viscous dampening coefficient
(unit (s)), Eq. B-2 becomes

0
vo(YAL) — 2qu516—;( (BAF2)

ov

2vg (vAL) — <4V0F111 X ) (BAE?)

_, Ov
+ ()\+H+MF121)_2V0F1118—X

— ID(FH)

(ﬁAt2)> 8é‘m)AdX (B-3)

For elasticity, Eq. B-2 becomes

GINT — / M"’ /\ An(J) + M] )(7At) 3éi()AdX (B-4)

Irwin Z, Regueiro R, Clayton J. A large deformation multiphase continuum mechanics model
for shock loading of lung parenchyma. Part II: Numerical methods. DEVCOM Army Research
Laboratory (US); 2023. Report No.: ARL-TR-9687.
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When viscous damping is considered, Eq. B-4 becomes

=H

3w
GINT _
2
/ X <>\+ 1] | v
0

ov
209 — (41/0}7’1_1 X )\) (7At)>

ov
+| (A + p+ pFf) — 2V0F1118X

L Ov
21/0F_

11 5y (’YAt>

— lIl(FH)

0X

(7At)> 00v) 4x (B-5)

When shock viscosity is enabled, linearization with the additions given by Irwin et

al.! proceeds as follows:

X=H
0
6G8T = | S5 (6(Pu) — 6(Q)AdX (B-6)
0
where
0 ov 12
(5(@) = ,OOhO (Cgho(SJFHQ [a—;}(] +C()Jh0(5F11 [a;(}
Ov 12 0
+ CoTho P26 [a_;)c] — Cy5eF? a)“(
L Ov 100
— CiedFy' 5o — CieFyy a;) (B-7)
and

Se—6 K _1K1/2p73/25p: _1K1/2p3/25<@)
P 2 2 J

1 1/2
= SKV2p s = 2K1/2”J 6] = =87 (B-8)

where K denotes the solid bulk modulus (solid skeleton in the multiphase regime).
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Thus, after some algebra,

0 0
6<Q>—poho<ooho T [(1 2F51") 55 (BAF) +2(yA1)
4|3 dda
—CF'e FHl aX(BAt) (vA?) )ﬁ (B-9)

Then, combining the results from Eq. B-2 with B-9, Eq. B-6 becomes

X=H

SGINT — / g}ué ([u + (A= AIn(J) + p) Fi?] (BAE?)

0

2 Ov. a
—01F1;1c< F' aX 22 (BAR) — (v At)) )a@(i?)AdX (B-10)

Note that it would be unnecessary to derive the linearization of GINT with shock vis-
cosity and without inertia terms. We found that for overall stability of the numerical
solution, the shock viscosity is usually only necessary when the inertia terms are
enabled, and so a quasi-static formulation of the linearization of g;NT with shock

viscosity is omitted here.

B.2 Linearization of the (u-p;) Formulation Variational Equations

Refer to Section 5.1.3 of Irwin et al.! The linearizations 6GNT and §GINT remain

unchanged from elastodynamics and elastics for the (u-ps) formulation.

The first required linearization is given by

'LU 'LU

0 0

SGNT = — BA) 0prAdX (B-11)

For poroelasticity, Eq. B-11 becomes
X=H

gINT — / gw (YAt) 6pr A dX (B-12)
0
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The next linearization proceeds as follows:

H
J
FHINT — ra([g?pf+J>AdX

X=
0/
o J J
:/ (”%H Dt it +—n5]5f+5j)AdX
0
X=
0/

K/ K/ K]
" nfp o Jprn® 5 d(éa)
_ r< [W(ﬁAt) s (5a) + (VAt)} e
+ ‘%f (vAt) 5@) AdX
X=H
= / r( Kn(ﬁAtQ) (vAt) aéi?Jr%( At)éﬁf)AdX (B-13)
0
For poroelasticity, Eq. B-13 becomes
o o(5v)  Jnf
SHINT — / ([K"( At) + g;) +7"?5pf>AdX (B-14)
0

The next linearization proceeds as follows:

SHINT — 7’5( L Op f~)AdX

K"@X

_000ps) | Oprc ¢ | A
f f
U +(9X5(n r) K7 dX

0 “
(aif,Fll +p (a+g)>5k

(. J
-~

Term 1

~ 8((5pf) _1 8pf fR A

N J/
-

Term 2

(B-15)
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dda
0X

(9(5130 8pf
0xX 00X Fu

“(BAF) 5%

Combining terms leaves us with

X=H
SHYT = / r <nfz7f (paez) 200) O
0

n*f 3 _ onf o
T\nf 1= @iy’

0X 0X
a “f £ 2 da
(n'i) (52) 200 —k:( 5 (paee) 208 O e 5ng2) 200

+(a + g)% (BAL) 6 + ,ofR(Sa)

A
) i dX (B-16)

»3

Rearranging like terms, we arrive at

X=H 5
~ P
57{12NT = / 7“( [(nfvf) ka_xf'
0

(dpe) - Ops
ax " Fax(ate)x

pR %) 3 2nf - Opy
2 gprn o A It
?(ﬁAt )ope + 0X (nf 1— (nf)2> (') + k@XFH
d(0a) 8pf SR A
(BA?) == ax ~ ax P e dX (B-17)
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For poroelasticity, Eq. B-17 becomes,

=H
Aapf _ 8((5pf)
e = / ([ mi) =~ kx| (A0 Ty
0
Ope p
E)pf ns 3 2nf f~ Aapf —2 8(60) A

The next linearization proceeds as follows:

o (Lo
THINT = T5<k£¥F )AdX

~ Opy

3 onf

nf 1 (nf)?

d(da)

(525 5x

0
or (o (dpr)
_ or [ Opr 1 1
_,/ 5 Qﬂfﬂah+mm S+ kst H)AdX
0
X=
!

_ 0(6pe) - Opr d(da)
1 2 _ 2
+ kFy (BAE) 5x k;aXF *(BAE) 5
Rearranging like terms, we arrive at
) 3 o )
INT _ (& s 2 n _ Pt
O = / 0X <[n (nf 1-— (nf)2> k@XF
0
d(da) (pr)
mAﬁy5}—+kﬂfmAﬁ)aX >A¢x
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For poroelasticity, Eq. B-20 becomes

or .
SHYT = / a—ré(k:pr(a +9))AdX
0
X=H 5
= / a—r (pr(a + 9)0k + k(a + g)dp™ + l%préa) AdX
0
) (3 onf
[ n® n 9
pr— —_— — —_— e — A —
0
1
+ (a + g)ﬁ(ﬁAt2>5ﬁf + 5a> AdX
f

For poroelasticity, Eq. B-22 becomes

X=H
or w- n°|3 2nt (o)
INT _ or wyp [ MW |o A
M= J ox’ " <9J [nf 1— (nf)’ 020 5%
1 .
+g—n (’}/At) (5pf> AdX
K

65

J(6a)
0X

(B-21)

(B-22)
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The next linearization is given by

H
5Hstab _ ﬁastabé (F—l %) AdX

0X U ox

H
ﬁastab<8pf5(F1—ll) + —laépf>AdX

[l
S o T

aox" \ox ox
H
= glastabFﬁl ((ﬂt)% — %Fﬁ%ﬁ&?)%) AdX (B-24)
For poroelasticity, Eq. B-24 becomes
X=H
s = [ (%ﬁ g, At)%> AdX (B25)

0

B.3 Linearization of the (u-us-pr) Formulation Variational Equations

Refer to Section 5.1.5 of Irwin et al.! The first sought linearization initates as fol-

lows:

H

SGNT = wé(pha + pyag) AdX

H

w(pida+ asdph + pydas) AdX

d(6a)  JInfp®
X K

™ Opr

I
S T o e —F

H
w (p(s)éa + ar (BAL?)

+ pgaaf) AdX (B-26)

The linearization GINT remain unchanged from elastodynamics and elastostatics

for the (u-ug-pr) formulation.
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The next linearization is obtained via

H =H

X
TN = [ g8 (par) AdX = / a(acdph + phdar) AdX
0

d(6a)  Jnfp® .
fR
ox T Rr P

N e i

H
q (af (BAE?) | p

+ pg(saf) AdX  (B-27)

The linearization of the next term proceeds as follows:

X=H

¢ Ops px 9(dpr)

INT _ f f

= [ a2 - /( 00)) 4 1
0
X=

H
n 8pf 5 8(5a) o\ O(0P¢)
/ (JaX (BAY) X n' (BAE?) =+~ 5x )AdX (B-28)
0

The next linearization is then

X=H 5
J f
STINT = / q5< (Z) @f>AdX
0

ko
+ () 58k + J(Zf) 5(@f)>AdX
o n? o\ 0(0a Jntoe n® o\ 0(0a

N2 - kns nf o\ 0(da
e T (s
+ (nf)g(vAt) 6 5a]>AdX

]% £

(B-29)
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Rearranging like terms,

X=H
e 7
0

|3 onf (n')’r, ., Dda
_”[?_1—@02]) e

—~
S
—n
~—
(]

+ P (vAt) (bas — 5@))AdX (B-30)
The next requisite linearization proceeds as
X=H X=H
STNT = / q6 (phg) AdX = / q6(py) gAdX
0 0
X=H 8(5 ) J f fR
B rO(0a npe . ]
= / q((ﬁAt ) P X K7 0P )gAdX (B-31)
0

The subsequent linearization for the (u-w¢-p;) formulation is similar to that derived
in Eq. B-17 for the (u-p;) formulation, except that we now account for a variation
on the pore fluid acceleration rather than the mixture acceleration when the Darcy
velocity is expanded:

X=H

SHIT = /r(s(;ngif, f~>AdX

0
o oops) 0 A
N f~ Dt Dt A
= /r(nvf B 8X6( ) K?dX
0
o o) op| [0
— r(nvf(BAtQ) (8)];)+8_§é (({;é—l—p (Gf+g)>5];’
O .

~ (06
—k( g§f> + (ar + 9)dp™ + préaf>

J/

A
> ﬁ dX (B-32)

-~

Term 2
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>

0 (3 2n' a6
(5 2o

_ %(i _ 2_”f> (n'5) (BAﬂ)M

nf 1 —(nf)? 0X
.. fR
Term 2 = —k (ﬁAtZ)M + (af + g)p—n(ﬁAtz)éﬁf + pRéay
0X K;

Combining terms leaves us with

X=H
- 0(0pg)  Ops |n° [ 3 onf
INT _ f 2 et e o A
OHy ' = / r<n o (BAL?) e + 5% [J <nf o X

0

(n'5r) (BAL) aéi? —~ l%((ﬁAtz) 00k) | (a+ g)ﬁ X

(BAL) 6 + pr5a>] ) % dX (B-33)
f

Rearranging like terms, we arrive at

X=H

- ~ Opg 0(0ps)  ; Ops PR
SHINT — / r< [(nfvf) — ka—X (BAL?) S ka—X(af + g)ﬁx
0
. Opsn®| 3 2nt 5 d(da)
2 f 2
(2205 + 5% [E - m] (') (95%) T

opt > w A
- —dX (B-34
kp™oag K7 (B-34)
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The final necessary linearization for the three-field case proceeds as follows:

H

o)

r

SHNT = 5 (kp™(ar + g))AdX

0

=

H

o))

r

(0™ (as + 9)3(k) + k(as + 9)3(p™)

Q
>

A

+ kp™o(ag)) AdX

M [ 3 onf

— _ka L A L
/ af+g>J nf 1_(nf)2
0

+ (ar + g) (mt?)dpf + m) AdX (B-35)

J(da)

(525 5x
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Appendix C. Derivation of the Finite-Element (FE) Equations
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C.1 Implicit Integration

C.1.1 Elastodynamics and Elasticity

Numerical ingredients such as consistent tangents for the FE formulation in Sec-

tion 5 of Irwin et al.! are derived in this Appendix.

For elastodynamics, we first apply the FE discretization as follows:

1

Ne T T e we .
5GNT = A {c} : /{N“} oh {N“} {5d }Afdf (C-1)
€ N——— —— ——— ——
s mgix gt i1

Then, pulling out the variation dd’ leaves us with

5gINT B Ne . T k:giNT’e 5&6 C2
1 - A c ) U, ’ ( - )
[+ N— e’ —  — — e’
S,e s,e s,e s,e
IXngge  Mgor XNgor Mage X1
where we recover

1

. T
KO <| = / o {Newdh {Nee A de (C3)
— e N —
Mot X ot ngor X1 Ixng

Next we apply the FE discretization as

1

oot = Afe} ([ {B} v - am b))

e -1

S, S,€
Ixmnge ngie X1

) {Be} {od | ajeag ) 4
_——

s,e s,e
Ixngge  ngee X1

Irwin Z, Regueiro R, Clayton J. A large deformation multiphase continuum mechanics model
for shock loading of lung parenchyma. Part II: Numerical methods. DEVCOM Army Research
Laboratory (US); 2023. Report No.: ARL-TR-9687.
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Then, pulling out the variation dd’ leaves us with

ne INT e
5ot = A} [kere] oa (C-5)
e N N — N —
IXngf  mgyf Xngyp  Mgop X1
where we recover

1

[k:%“”, } = / (n+ [A = A (J) + u] (FI) T2(BAR)) x (C-6)

s,€e s,e
Mot X Mo

{B&“}T {Be’“} Ajede (C-T)
—_——

s,e s,e
ngls x1 Ixngy

Now, to derive the tangent for 6GINT for elasticity, apply the FE discretization as

follows:

1

o= Afe} (/ [} e (A 77 ) (FE) )

-1

yad { B} {od ) aj d§> (C-8)
—_——

Ixngp  mgog X1
Then, pulling out the variation 5d’ leaves us with
5ot = A} [kere] oa) (C-9)
€ N N e N’
IxXmge  Taor XMayr  Maor X1

where

(1 + [A = A (J) + u] (FI) 72 (vAt) ) x

L _

{B@“}T {Bw} Aje de (C-10)
——

s,e s,e
Ngor X1 IXngg

73



To derive the tangent for 6GINT when viscous damping is considered, we start from

Eq. B-3 of Appendix B, and we then apply the FE discretization as follows:

1
5N = A {Ce}T.< / (7]
e ~—~— \7

s,e
1><ndnf

(A4 2p) %

_10v"

(o) -l 55 )

_10v™ B
0X

_10v

+ ([/\ + o+ u(FE)’] = 200 (FIY) 8_X> (BAF)

s,€ s,e s,e
ngis X1 Ixmngy ngis X1

4o (FTY) A

—In (F{}) <2u0 [yAt] —

[mﬁ]) (C-11)

Then, pulling out the variation 5d’ leaves us with

SGNT = A {ce}T- Ko e| - {sd"} (C-12)
6 S e

s,e s,e s,e s,e
IXngle Mg Xngyr Mgy X1

where
1 P i
)= | <Fff>‘2([“2“] (1) =2 (F) ™ G (980)
—— -

s,e s,e
Mgof X Mgof

he i
—In (F{Lf) 20 (’yAt) = <4y0 (F{Lf)_laaLX = )\) (ﬂAt2)
. en 100"
(i (R - 2n(FY) T S (ﬂAt2)> x

{B“‘}T {BW} AjdE (C-13)
———

s,e s,e
nge x1 Ixngy

To derive the tangent for 6GINT when viscous damping and elasticity are considered,
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start from Eq. B-5 of Appendix B and apply the FE discretization as follows:

1
Ne T e — e 8
50 = A {e} -(/[F{ﬁ] 1 (A + 2p) <uo—2u0[Fﬁ] 1;X [yAt]
e H/—/ —1
IxXngr

ey 100"
an(FY) 7 S = A DAY

—In (Flhle) <2V0 —

0X

(5o} () i) o
—_— e ——

i ([)\ o (FE) = 2u () 18““) ()

naor X1 Ixngr mgipx1
(C-14)
Then, pulling out the variation 5d’ leaves us with
N N R O
€ N N e N’

S k) € £ k) s E) €
IXngle  Mggr XMgyr  Mggp X1
where

1

gt _ hey —2 5
k] = [ ) ([A+2u}

—1 -
s,e s,
Mgof X Mgof

he
2V0 — <4V0 (Flhle)_l aa,lfx — )\) (’}/At)

e
(A +p+p(FY)?) - QVO(F{Lf)‘IaU—

—In (FY)

{Be7“}T {Bw} Ajede (C-16)
_—

s,e s,e
Mgor X1 IxXnger

To derive the tangent for GINT when shock viscosity is considered, start from Eq. B-
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10 of Appendix B, and apply the FE discretization as follows:

-t

€ Ny e’ e

(n+ [ = A (J) + u] (FI) ) (BAE)

lxnjl’f
. ey —2 00" . ovh*
o ho(OOhO(Flhl) 2;—X[(1—2(Ff1) ) S5 (BAF) +2(vA0)
ex—1 pe |3/ pey—100"
) St G 52 - )

T e .
() ) i)
——— N —

nié? x1 1><n§(’);3 nj(’)f x1

(C-17)

Then, pulling out the variation 5d’ leaves us with

SN — A{c} ko] - {sd"} (C-18)
6 N N

s,e s,e s,e ,e
IXngle  Mggr XMgyr  Mggp X1

where

1

k| = / ([u + (A= Al (J") + ) (FIY) 7] (BAP)

~——

s,e s,e
Mgof X Mgof

en —2 OV .
Coho(FY) g [(1 2(Fly)" )

e

o + (BAF) +2(yA0)

(5o} {5}

ndnfxl 1><nd0t

—p ho

3 _100"

§(F11)

—Cy (FI) e (  (BAF) — (At )

(C-19)

C.1.2 Poroelastodynamics (u-p;) Formulation

As stated by Irwin et al.!, the FE formulations for the tangents relating to the lin-
earized terms dG1' and §GNT remain unchanged from elastodynamics and elastic-

ity; refer to the equations in the preceding section. To derive the tangent for §GINT,
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we start by applying the FE discretization as follows:

SGNT = A\ {ce}T : ( - /1 {BW}T [Bac) {Ner} {56°} aj° df) (C-20)
e S —— ——

-1
s,e s,e ,e p,e
Ixmngy ngor X1 IXngls ngor X1

Then, pulling out the variation 60" leaves us with
SGINT AL\ [pone 9°
o = Afe} - [kdre] - {o6r ) (C-21)
€ N N — N —
IxXnge Mot XMast  Taor X1

where we recover

1

T
[kgégj] __ / (BAR2) {Be’“} {N”’}Aje de (C-22)
—— ) e —— N —
g X Mot nor X1 Ixng

To derive the tangent for 6GINT when poroelasticity is considered, we start from

Eq. B-12 of Appendix B and apply the FE discretization as follows:

SGINT — A {:’}j : ( = / {B‘““}T [yad] {Ner ) {;5(9:}/ Aje dg) (C-23)

-1
s,€ S,€ p,e p,e
Ixmngy ngor X1 IXngle ngor X1

Then, pulling out the variation 60" leaves us with
SGINT AN GINT ¢ He
Y SRR (24
€ N N e N’
IxXngr  Tgor XMast  Taor X1

where

1

T
K] == [ e {Be} {wer} ajeag (C-25)
—— el ——— ——
Mot X Mot ngor X1 X
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To derive the tangents for 6HINT, apply the FE discretization as follows:

1

SHINT — A&(/M [(% (8A#7] + [7At]> x

-1

Ixnle nhfx1
e Jhepth e
{Beo} {od }+ 2 [yt {veo } {667} | A de (C-26)
—— —— f —— ——
Ixnge  mgr x1 Ixmger e X1

Then, pulling out the variations § d” and 60" leaves us with

6HINT _ 3 e T kHIINT e 5de k?—tllNT e 5ée C-27
= A @ ) DU ' + pe.ps | (C-27)
e et \ e N N N —
Lxnfie Mot XM Tgor X1 Nijor XTfog njor X1
where we recover

1

2] = _/1 (%(ﬁm?) + (7At)> { Ne,p}T {Bev}ajeae (c28)

Mot X or ngor X1 Ixngy
1
he. fhe T

HINT e | J'n e, e, e
K] = [ o (an {vee {Ner ageae (C-29)
—— f N—_—— —

p,e, D€ -1 p,e p,e
Mgof X Mot Mo X1 Ixngg

To derive the tangents for YHNT when poroelasticity is considered, start from Eq. B-

14 of Appendix B and apply the FE discretization as follows:

1

Mim;é{ii}:.(/ﬂl(%hm}+1>><

-1

Lxmgof Mot X1
e Jhﬁnf,he e
{Bev} {od p+—5— {Ner} {06} | ajeag (C-30)
—— —— f —— ——
Ixngy  mgr x1 Ixnggr mger X1
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Then, pulling out the variations d” & 60° leaves us with

= Afer (] f) ] ()] e
e ~~— \—— —~— Y—— ——

Ixngiy RoE XN Maar XL mGr XngE mger X1
where
1 .hE
el = (2 (yar) 41| {Ner "o ajea (C-32)
.U o K7 v J
—— f ——— ——
Mof XNgof ngor X1 Ixngls
! he, f,he
INT J" nb T .
[’fffﬁpf’e] = | T {Ne’p} {N”’}Afdf (C-33)
—— f ——— —
Mgof XN njor X1 Ixnfie

To derive the tangents for N, we apply the FE discretization as follows:

1
Ne T T ~ 71het 7 68 P €\~
= A o) ( J{v) [(H - H G () )
N—— —

¢ 21

Lxnge Mot X1
2 ep ne 7 he 819?6 he PfR’he 2 ep A
< (pt) {Ber | {00}~ P (a" + g) o (80%) {Ner | {06
—— —— f —— ——
Ixmger 1xnggp Ixmggr nger X1
opl* (s | 3 2n b foNhe e OPE el o
T ox ( Jhe [ pbht (nfh°)? (0)" +k 8_X(F11)

el el P ohe mone f onrew Segel | A e
ol ) ek el )|

Ixnge mggp X1 Ixnge mggp x1
(C-34)
Then, pulling out the variations ¢ d” and 00° leaves us with

= A fo} (o] foir)+ Je] o)) e
e ~~— \—— —~— ~—— ——

pe pie.,. s s.e pie.,. De pe
IXnger Mot XMgof Tgor X1 Mot X Mot Ngor X1
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whereby we recover the following tangents:

1

. . T ns,he 3 2nf,h"‘ he
[k:;%u] _ / {N ,p} ([ i (nf,hc - (nfhe)Q)(nfvf)
—— —— - ’

—1
pie,, s, pe
Tof X Mgof Tgor X1

P ()| (o) {Bo)
i S——
Ixnggy

T he e ‘ 1
. kh pr,h {Ne,u} apf Aje dé’ (C-36)

X K{
lxni(’)?
1 8 he
T € ~pe e\ —
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N—— 1 N—— N——
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k(" g) e (N} | (8aR) A dg (C3T)
f ~—— f
lxng(;fe

To derive the tangents for YHINT when poroelasticity is considered, start from Eq. B-
18 of Appendix B and apply the FE discretization as follows:

1

Ne ¢ 7 A
= A {ae}T( J{voy [(H - k“aa%ﬁf)l)
€ N —

-1
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—— £ —
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Then, pulling out the variations d” & 60° leaves us with

o= A fer) (] fot )+ o] () e
€ o~ \ o — Y~ —— —
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where
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To derive the tangents for 6H\T, we apply the FE discretization as follows:

1 |
o= B[ (o [ ] )

21
o O () o) { Be ) {oi )
e — N —

Ixnf  npfx1
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Ajedi)
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pe pe
IXnggs Ngor X1

(C-42)
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Then, pulling out the variations § d" and 660" leaves us with
s = A Lo\ el Lsa) o [reme] Lo C-43
3 A « ) kpfﬂl 0d ¢+ kpfapf 106 (C-43)
€ N — ———— e N N~
1xnger oot XMaot  Taor X1 Taor Xmggt  Tgor X1
whereby we recover
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To derive the tangents for §HNT when poroelasticity is considered, start from Eq. B-

21 of Appendix B and apply the FE discretization as follows:

1 e
SHINT = ne {ae}T _ ([ {Be,p}T [(ns,he [nf?)h - _27(1;’;6)2] — 1) X

p,e p,e
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s,e s,e
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(C-46)

Then, pulling out the variations & d” and 56" leaves us with

o= Ao (o] i) e [ ] o0} ) e
€ e~ \—— —~— Y—— ——

p,e p,e s,€ s,€ p,e p,e p,e
1><ndcuf Tof X Mgof Mot x1 Mot X Mot Mo X 1
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where

1
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To derive the tangents for HINT, we start by applying the FE discretization as
follows:

1

N N GO VR L e (e
1xnb:e - ngor X1
£ he e
< (e~ =y 2 () o)

Ixngt — nag X1 (C-50)
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f ——’
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s,e s,e
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Then, pulling out the variations ¢ d’ and 66° leaves us with

= A fo} (o] foir)+ Je ] ) ) e
e e~ \ e~ Y S — Y——

pe pie.,. S s.e pie.,. Pe pe
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where we recover

1

T 3 2nth e nsh*
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To derive the tangents for YHINT when poroelasticity is considered, start from Eq. B-

23 of Appendix B and apply the FE discretization as follows:

1
s,h°

SHINT = é {ae}T ‘ (/ {BE,p}TprJlel%he [97?];16 o

-1
p,e p,e
Ixngy ngop X1
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s,e s,e
IXng; Nl X1
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p,e p,e
Ixngy ngop X1

+9

Aj©dé ) (C-54)
Then, pulling out the variations & d” and 50" leaves us with

= A fee)” (] fr e fe ) foo}) es
¢ o~ \ o Y e — ——

p,e p,€e S,€ S,€ p,€e p,€e p,e
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where

1
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(C-57)

To derive the tangents for H*®, start from Eq. B-24 of Appendix B and apply the

FE discretization as follows:

1

57‘[Stab = é {ae}T . (/ {Be’p}TOzsmb(F{f)_l

-1
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.
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(C-58)
Then, pulling out the variations ¢§ d” and 660" leaves us with
6 stab Tle e T 7stab, e e 7{stab, e e
wer = A fact [ [me ] {odt b+ (k] {o0°) (C-59)
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where we recover
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To derive the tangents for §H**® when poroelasticity is considered, start from Eq. B-

25 and apply the FE discretization as follows:

SHI — A&i({ {Be,p}Tastab(Fﬁe>—1[@.@
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Then, pulling out the variations 6d and 60 leaves us with
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C.1.3 Poroelastodynamics (u-us-pr) Formulation

To derive the tangents for GINT, we start by applying the FE discretization as fol-
lows:
1
INT e T T . he e
o= ALY (e o ) @)
e ~~— \Y] ~—— e — N —
Lxnggy Mgor X1 Ixnge  nger X1
€ € e Jhenf7he tR,he ‘e
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Lxngef g x1

Then, pulling out the variations & Ele, 5df ,and & 0 leaves us with

- ey (] (o) e ] (e}
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s,e s,e s,e s,e
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where we recover the following tangent matrices:
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The tangents for §GINT and GINT remain unchanged from elastodynamics and poroe-

lastodynamics, respectively. Refer to Egs. C-6, C-13, and C-22.

To derive the tangents for 6Z{"', we apply the FE discretization as follows:

1
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Then, pulling out the variations ¢ d, 6&? ,and 60" leaves us with
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where we recover
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To derive the tangents for Z2'T, we start by applying the FE discretization as fol-

lows:

1

0L = A {w}T</ {NW}T [Z:%L)f,; {Be’“} {&e}

I N——— ——— N~
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Then, pulling out the variations dd~ & 66" leaves us with
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where we recover the following expressions:
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To derive the tangents for 6Z3\", we start by applying the FE discretization as fol-

lows:

0I5 = K {we}T

—
1 Xn(i;fe ni;fe x1

(C-80)

Then, pulling out the variations & d” and 5df leaves us with
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whereby we recover the tangents
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To derive the tangents for 6Z"T, start by applying the FE discretization as follows:

1
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e e Do
Jhenf,he fR,h€ e '
+Tf {NW} {0 } (BAL2) g Aje de (C-84)
f S
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Then, pulling out the variations d and 68" leaves us with
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where we recover
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The tangent for §H!NT remains unchanged from poroelastodynamics: refer to Eq. C-
29.

To derive the tangents for HINT, we start by applying the FE discretization as
follows:
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Then, pulling out the variations § de, 5&: , and 56° leaves us with
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To derive the tangents for §HIN', we start by applying the FE discretization as

follows:
1 he
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Then, pulling out the variations & Eie, (55&, and 06° leaves us with
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where we finally recover the tangents

1
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C.2 Explicit Integration

C.2.1 Central-Difference (CD) Scheme

In this final section, we show the derivation of the FE formulation for the (u-py) for-
mulation using CD integration. See Section 5.3 of Irwin et al.! It is assumed that all
time-dependent variables are evaluated at ¢,,.1 unless stated otherwise. Therefore,
this derivation requires manipulation of variables that have explicit dependence on

solution variables.

The balance of momentum of the mixture is trivial to adapt to the CD scheme from
the variational form of the equation. The acceleration update of the solid skeleton
is readily separable from the variational equation, and the stress update does not

explicitly depend on the solution variable at ¢,, 1.

Here, we begin with the balance of mass of the mixture, from which

X=H Jhpfoh _

HI = / | epr " | AdX (C-98)

f
0
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We may rewrite the above as

X=H
Jhnbh At At ol At dal
INT,h __ -h =V h =Yk n =v n
= | ( K [pf“ e S X D ax
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—— |AdX
3 ax)

which we can write element-wise as
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(C-100)

Eq. C-100 can be split into a force vector, a mass matrix and a tangent coupling

matrix written as follows:
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Next,

X=H " "
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K] 0X
0
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/TKf”aX ox TP (et
0
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which we can write element-wise as

1

p,e -1

Mot X1 Mot X1
Eq. C-105 can be split into a force vector and a tangent coupling matrix written as

| e} o

s,e s,e
Ixnge  ngyr X1
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follows:

1
T 1 <. [ OpF, e
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N—

K 0X 0X
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Given that #2\" has no explicit dependence on solution variables at ¢, 1, we omit
the trivial derivation and refer the reader to Irwin et al.! Next,
X=H

INT,h or
H, = —

% kot (a + g)AdX (C-108)
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which we can write element-wise as
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Eq. C-109 can be split into a force vector and a tangent coupling matrix written as
follows:

1

T . e e

fnglNTg — / {Be,p} l{?h pr,h gAje df (C—llO)

S~

! nhif x1

1
HINT e 7.h¢ R h® e,p T e,u e

ke = [ {B’} {N’ }A; de (C-111)
‘/—'p& . —— ——
Mot X Mot nlfx1 Ixnyf

When pressure stabilization is enabled, we must apply the time discretization update
to the Jp;/0X term:

X=H

. 0 ~10pf
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0

In the CD scheme, we may rewrite the above as
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which we can formulate element-wise as

1

stabh IS T e, T stab hey—1 ap?,n At ap.f,n
o= A fa) o (o} ey e 512
1

pe pe
Ngo X1 Ngge X1

v {7} ()
——

p,e p,e
1><nd0f

Afdg) (C-114)
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Lastly, Eq. C-114 can be split into a force vector and a mass matrix as follows:

1
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oX 2 ox
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/ A
stab,e ey —1 t T 1
] = [a ) S {Be) (B agae (116
- ——— ——
ot X Mol ngot X1 Ixngg
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List of Symbols, Abbreviations, and Acronyms

TERMS:
1-D one-dimensional
3-D three-dimensional
ARL Army Research Laboratory
CD central difference
CFL Courant-Friedrichs-Lewy
DEVCOM US Army Combat Capabilities Development Command
ECM extra-cellular matrix
f fluid
FE finite element
FSI fluid-structure interaction
S solid
TPM theory of porous media
MATHEMATICAL SYMBOLS:
e internal energy per unit mass
F.,F;; deformation gradient
D Cauchy pressure
t time
u,uy displacement
V volume
X, Ty Cartesian spatial coordinates
X, Xk Cartesian reference coordinates
i entropy per unit mass
free energy per unit mass
0 temperature
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p mass density
0,0 Cauchy stress

v, Vg velocity
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(PDF)
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(PDF)

DEFENSE TECHNICAL
INFORMATION CTR
DTIC OCA

DEVCOM ARL
FCDD RLB CI
TECH LIB

DEVCOM ARL
FCDD RLA B

R BECKER

C HOPPEL

P GILLICH

A TONGE
FCDD RLA HC

J CRONE

JKNAP
FCDD RLA MB

G GAZONAS
FCDDRLA T

B LOVE

M FERMEN-COKER

S SCHOENFELD
FCDD RLA TA

S TURNAGE

C WILLIAMS
FCDD RLA TB

S ALEXANDER

R BANTON

T BAUMER

D CASEM

J CLAYTON

B FAGAN

A GOERTZ

C HAMPTON

R KARGUS

M KLEINBERGER

D KRAYTERMAN

JMCDONALD

C MEREDITH

T PLAISTED

K RAFAELS

R REGUEIRO

S SATAPATHY

T WEERASOORIYA

C WEAVER

S WOZNIAK

T ZHANG
FCDD RLA TE

JLLOYD

T SCHARF
FCDD RLA TF

J CAZAMIAS
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