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1. Introduction

Labeled graphs are pervasive in science and engineering.! They are used to en-
code relationships of all kinds, such as networks of cities, electrical grids, chemical
compounds, or reaction networks. In computer science, programs and functions are
represented as labeled graphs for execution. A large component of science is the
approximation of reality through functions and thereby finding graphs to compute

them.

Graph machine learning encompasses the gamut of problems addressed with graphs,
such as representation learning,? function approximation,® or optimization.* Graph
neural networks (GNNs)® are usually graph-preserving graph convolutional net-

works® or graph transformers.’

In this report, the fact that every graph can be constructed from intersections of sets

is used to expand graph-to-graph computations.®
2. Background and Methods

A graph G is defined by its vertex set V' and its edge set £/ C V x V. An inter-
section graph is a graph with a vertex (multi-)set comprised of sets v C X with
corresponding edge set £ = {(v,v’)|v Nv' # (}. The vertices of a labeled graph
G = (V, E, L) are associated with labels ¢ : V' — L, v > [, where ¢ is an injection
mapping vertices to labels. In many applications, these labels are vectors from a

vector space.

The set of all finite graphs with labelsin LisT' = {(V, E,L)|E C V xV,V Cc W},
where IV is countable. The problem at hand is the modeling of functions f : I' — T'.
Artificial neural networks (ANNSs) approximate functions via function composition

of primitive functions called "layers,"

f(aj) R (11791 © 12792 ©-+-0 lnﬁn)<x>> (D

where [; ¢ is a function parameterized by ¢. When graphs are the domain of an ANN,
the ANN is referred to as a GNN. GNNs have four layer types:

1. Keeping both edges and vertices constant (graph-preserving)

2. Keeping only the number of vertices constant



3. Reducing the number of vertices
4. Increasing the number of vertices
The majority of GNNs (e.g., graph convolutional networks”) focus only on the first

option. In the following, we explore the remaining three options. The graph in the

proposed approaches is defined via set intersections computed from the labels.

2.1 Graph Generation Layer

The first option computes new edges and labels for a set of vertices. For an array
of objects, a position generator P computes positions p, = P(o;) € R™ and a ra-
dius generator R computes radii 7, = R(ox) € (0, 00)™ from each object. Then for
each tuple (o, pr, %), the set N, = {l|p; € B(pk, %)} can be computed, where
B(z,b) = {yl|l|lyi — xi|]| < b;¥i € 1...n}. Then, a directed graph GG can be con-
structed by setting edges from node % to node [ if [ € Ny. It is noteworthy that the
sets Vy are the nearest neighbors of each node k. Furthermore, the graph is scaling
and translationally invariant; i.e., N, = {{|s(p; — t) € B(s(px —t), srx)} remains
the same for all s € R* and t € R™.

New labels are computed from the graph via

0; = Z OjT(piapj>Ti)> )

JEN

where 7 is a weighting function such that 7(z,y,b) = 0Vy ¢ B(xz,b). Due to the
scaling invariance for generation of graph G, it may be useful for 7 to be scale-
invariant as well. Since all graphs can be computed in this manner, the worst case

computational complexity is O(#V?).

2.2 Decimation Layer

A decimation layer uses a parameter r to establish which nodes are to be consoli-
dated. This parameter can be fixed or learned. As before, a position generator com-
putes a position for each object, but the single parameter r is used to establish the
sets B(p, ). If r is fixed and used in conjunction with the graph generation layer,

then r effectively forces a minimum distance between nodes. With this collection



(multiset) V' = { N} of sets in hand, a minimum cover of all sets can be computed:

W* = arg min H#W
wWcv

subject to U w = U v.

weWw veV

3)

Each set w € W* corresponds to a node. As in the generation layer, new objects o;

are computed from the sets w; € W via Eq. 2.

It is noteworthy that the resultant graph is equivalent to a graph for which the
dropped vertices have radii and labels of zero. Thus, the graph generation layer
is capable of simulating reduced-order graphs, albeit without potential memory or

computational savings.

2.3 Expansion Layer

As with the decimation layer, the expansion layer relies on a parameter ¢ in addi-
tion to the position generator. From the positions, an n-dimensional tessellation is
computed with the positions at the vertices. For each n-dimensional face with a di-
ameter larger than &, a new node is introduced at the centroid of the face according
to Eq. 2 with = d/2, where d is the diameter of the face.

As with the decimation layer, the graph generation layer can emulate an expansion
layer. While the decimation layer is constrained by the graph with a single node,
expansion layers are limited to graphs with d + (nfl) vertices, where d is the order
of the incoming graph. Hence, (nil) vertices with radius and labels equal to zero
have to be available to the graph generation layer to emulate a graph expansion

layer.

2.4 Image Classification Architecture

The test-bed of the aforementioned graph generation layer will be image classifi-
cation into 10 possible classes. Images are labeled lattice graphs. For simplicity,
positions and radii are included explicitly in the labels of each node. Hence, the
label of a pixel consists of its color ¢, its integer position in the plane, and the con-
stant radius of one. So the input layer takes an array of tuples (¢, ,, Pz, (1, 1)) for
each pixel at (x, y). These are first expanded by a linear layer with tanh activation

to (ox, Pk, r'x), where the dimension of oy is 11 to accommodate the final number of



classes. For all intermediate activations, we use the rectified linear unit (ReLU) be-
cause of its approximation properties.'” The model architecture was implemented

in the PyTorch machine learning framework.!!

Listing 1: Model for constructing the graph representation.

def setup () :
return Cat (torch.nn.Identity (), image_pos),
SingleInputMultiOutput (#1
torch.nn.Sequential (
torch.nn.Linear (3,11),
torch.nn.Tanh ()
)
torch.nn.Sequential (
Narrow (2, 1, 2),
Center (1)

)y
SingleInputMultiOutput (
Get (0), # Values
Get (1), # Positions
torch.nn.Sequential (
Get (1),
FuncModule (image_bounds),
Permute ((0,2,1))

In Listing 1, cat concatenates two arrays in the last dimension, SingleInputMultiOutput
is a module that takes a single input and computes the output for each module given
in its constructor arguments as a tuple of outputs, and Get (n) returns the nth item

in a tuple. FuncModule is a wrapper class that applies a static function to inputs.

In Listing 2, TensorRelator computes the graph from (o, px, %) and then uses

TensorReductor to compute the new node labels, (i.e., it corresponds to 7 in Eq. 2).

Listing 2: GNN for Modified National Institute of Standards and Technology
(MNIST) classification.

torch.nn.Sequential (
setup (),
SingleInputMultiOutput (

# Takes 3 inputs returns 1 tensor



GL.TensorRelator (TensorReductor),
Get (1) # old positions
),
consolidate_values_and_positions{(),
# Compute new positions
SingleInputMultiOutput (
Get (0), # old values
update_positions(),
new_bounds ()
),
SingleInputMultiOutput (
GL.TensorRelator (TensorReductor),
Get (1) # old positions
),
consolidate_values_and_positions{(),
# Compute new positions
SingleInputMultiOutput (
Get (0), # old values
update_positions (),
new_bounds (),
),
GL.TensorRelator (TensorReductor),
torch.nn.Linear (11, 11),
torch.nn.RelLU(),
torch.nn.Linear (11,11),
torch.nn.RelLU(),
torch.nn.Linear(11,11),
MeanPool (1),
torch.nn.Linear(11,11),
torch.nn.RelLU(),
torch.nn.Linear(11,11),
torch.nn.RelLU(),
torch.nn.Linear(11,11),
torch.nn.RelLU(),
torch.nn.Linear (11,10),

torch.nn.Softmax (dim=1)

In this case, 7(z,y,7) = [[, ReLU(1 — ((y; — x;)/r;)®)?. This choice satisfies
the requirement that y ¢ B(z,r) = 7(z,y,r) = 0 as well as being continu-
ously differentiable and varying slowly around x. Overall, the model includes three

graph generation layers followed by three linear layers activated by ReLLU. Finally,



the information is collected by averaging over all nodes and fed through another
three-layer fully connected ANN activated by ReLLU and the softmax activation for

modeling the classification probabilities.

After the graph generation layer has computed new labels, these new labels are
processed further by joining the position information. Listing 3 gives the ANN im-

plementation. Again, the ReLU is used for activation in three layers. Three layers

are chosen to comply universal approximation guarantees.'”

Listing 3: Model to incorporate position information into values.

def consolidate_values_and_positions() :
return SingleInputMultiOutput (

# This incorporates the position into value generation

torch.nn.Sequential (
AllCat (),
torch.nn.Linear(13,11),
torch.nn.RelLU(),
torch.nn.Linear(11,11),
torch.nn.RelU(),
torch.nn.Linear (11,11),
torch.nn.RelLU ()

)

Get (1)

Listing 4 provides the model for the position generator. This model merely updates
the old positions and then centers the positions because 7, as defined above, is

translationally invariant.

Listing 4: Model for position generator.

def update_positions():
return Add( # skip connection

Get (1), # old positions

torch.nn.Sequential (
Get (0),
torch.nn.Linear (11, 3),
torch.nn.RelU(),
torch.nn.Linear (3, 3),
torch.nn.RelU(),
torch.nn.Linear (3, 3),
torch.nn.RelU(),



torch.nn.Linear (3,2, bias=False),
Center (1, scale=True)

) # modification

Center (1, scale=True) not only centers but also rescales positions by the stan-
dard deviation to preserve interpretability and optimization smoothness. The em-
bedding dimension for positions is two. Hence, only intersection graphs embed-

dable in the plane are possible in this implementation.

Listing 5 covers the computation of the radii.

Listing 5: Model for radii computation.

def new_bounds () :

return torch.nn.Sequential (
Get (0),
torch.nn.Linear (11, 3),
torch.nn.RelLU(),
torch.nn.Linear (3, 3),
torch.nn.RelLU(),
torch.nn.Linear (3, 3),
torch.nn.RelLU(),
torch.nn.Linear (3, 2),

torch.nn.Sigmoid ()

Again, three ReLLU layers are computed and finally piped through the sigmoid func-
tion. The final activation ensures that the radii are between 0 and 1, which (in con-
junction with the rescaling in Listing 4) defends against trivial complete graphs.

Complete graphs lead to labels that are approximately the same for all nodes.

3. Results

The MNIST dataset'? contains 60,000 images with dimensions 28 x 28 for training
and 10,000 images for testing. The training dataset was split further into a training
and validation set with a 70/30 ratio, leaving 42,000 images for training. The train-
ing set was randomly split further into batches of 32 instances for each epoch. The
Adam optimization method'? was applied with a learning rate of Se-4. L2 regular-

ization” was applied to all parameters with a penalty multiplier of 1e-5. The model

*The objective is penalized by ||0||3, where 6 is the vector of parameters.
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Fig. 1 Prediction accuracy on MNIST dataset for training set and validation set against
training epochs (left) and loss difference between training and validation set (right)

was trained on the classification cross-entropy loss.

After 1000 epochs, the training loss was 0.092 with a classification accuracy of
95%. The corresponding validation loss and accuracy were 0.105 and 95%, respec-
tively. The model described in Section 2.4 has 2061 parameters. Parametric matrix
models'* with just under 5000 parameters achieve an accuracy of 97.4%, whereas

the ProjectionNet!®> with over 77,000 parameters achieves 95.0% accuracy.

As Fig. 1 shows, the validation losses and accuracies closely track the correspond-
ing training losses and accuracies. The high degree of agreement between training

loss and validation loss indicates a large degree of generalizability in the model.

The current implementation in Python has quadratic complexity for all graphs and
cannot handle learning on graphs of varying numbers of nodes. It requires approx-
imately 100 s over 42,000 images on a single graphics processing unit for training.
Because heterogeneous numbers of nodes are not possible, neither the decimation

layer, nor the expansion layer could be leveraged explicitly.

4. Conclusions

The graph generator layer allows highly efficient and performant models as demon-
strated on the MNIST classification problem. Future developments will target the
simultaneous training on heterogeneous input graphs, inclusion of explicit deci-
mation and expansion layers, and speedup of training over batches by reducing

computational complexity.
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